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Resumen
Usamos las trayectorias cua´nticas para analizar los efectos de la decoherencia en la dina´mica del en-
trelazamiento de sistemas abiertos y probamos este enfoque desde varias perspectivas. Estudiamos
la dina´mica de concurrencia para sistemas 2 × 2 acoplados de diferentes maneras a canales te´rmicos,
desfazantes y despolarizantes. En casos espec´ıficos probamos que la evolucio´n temporal del entre-
lazamiento bipartito bajo emisio´n esponta´nea puede caracterizarse completamente por un monitoreo
o´ptimo cont´ınuo del sistema. Anal´ıticamente, determinamos dicho deshilamiento o´ptimo y derivamos
una ecuacio´n de evolucio´n determinista para la concurrencia del sistema. Adema´s propusimos un exper-
imento para monitorear la dina´mica del entrelazamiento y determinar el tiempo de desentrelazamiento
a partir de una sola trayectoria. Usamos entrelazamiento de formacio´n y concurrencia de asistencia
para explorar tambie´n las posibilidades que este enfoque tiene en la preparacio´n y control de ensambles
con mı´nima varianza o ma´ximo valor promedio de entrelazamiento. Encontramos casos espec´ıficos con
deshilamientos independientes del tiempo que protegen el entrelazamiento especialmente para estados
ma´ximamente entrelazados, au´n bajo los efectos de ambientes ruidosos.
Palabras claves: Entrelazamiento cua´ntico, sistemas cua´nticos abiertos, decoherencia, trayectorias
cua´nticas, computacio´n e informacio´n cua´ntica.
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Abstract
We use quantum diffusive trajectories to analyze the effects of decoherence in the entanglement dynam-
ics of open quantum systems and test this approach from various perspectives. We study the dynamics
of concurrence for 2 × 2 systems coupled in different ways to thermal, dephasing and depolarizing
channels. In specific cases we prove that the time evolution of bipartite entanglement under spon-
taneous emission can be fully characterized by an optimal continuous monitoring of the system. We
analytically determine this optimal unraveling, and derive a deterministic evolution equation for the
system’s concurrence. Furthermore, we propose an experiment to monitor the entanglement dynamics,
and to determine the disentanglement time from a single trajectory. We use entanglement of formation
and concurrence of assistance to also explore the possibilities this approach has in the preparation and
control of ensembles with small variance or of states with high values of entanglement. We find specific
cases with time independent unravellings that protect entanglement, specially for maximally entangled
states, even under noisy environments.
Keywords: quantum entanglement, open quantum systems, decoherence, quantum trajectories, quan-
tum computation and information.
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Chapter 1
Introduction
Beyond being important as a historic cornerstone of quantum mechanics, entanglement is a main
resource in almost every quantum information and computation protocol [1, 2, 3, 4, 5]. In practice,
however, any implementation or development of those protocols in technological applications are threat-
ened by the decoherence effects of real noises generated, in particular, by the unavoidable coupling of
quantum systems to their surroundings. Such effects are responsible for the deterioration of this most
important quantum information resource, in ways that still escape quantification, and of which we
have only a limited understanding. This fragility of entanglement under decoherence is, without any
doubt, one of the biggest obstacles that quantum entanglement, information and computation theories
face at present time. A complete account of the entanglement degradation process, even for the most
elementary systems, is hampered, to large extent, by the optimization problem inherent to the charac-
terization of mixed state entanglement [6, 7, 8]. Its study therefore has been restricted until now to the
intricate mathematical notions related with its definition, mainly on the complex optimization problem
implicit in the process of analysis and measure of this quantum property in mixed states. A major
consequence of these difficulties is the absence of direct ways to measure entanglement in the laboratory.
The understanding of the entanglement fragility as well as the quantification of its decaying under
the mentioned effects do not only represent a scientific challenge, but is necessary due to its crucial
practical implications. During the last decade the production of entangled states and the time con-
trolling of their evolution have become of high relevance. Experimentally, the possibility of monitoring
entanglement dynamics [9] raised important questions about this problem, specially in relation to the
relevant time scales and the way decoherence acts over entanglement. Unfortunately, to this date,
a direct measuring of entanglement in a laboratory is still restricted to simple systems with reduced
dimension [10, 11, 12].
Only in recent years our understanding of some of the issues in the relation between decoherence
and entanglement started to grow. Perhaps the most relevant example is the case of the disappearance
of entanglement in a finite time even though the coherences in the system only decay in an asymp-
totic way. This phenomena has been dubbed Sudden Death of Entanglement (SDE) and was first
theoretically predicted [10] [13, 14, 15, 10] and subsequently experimentally verified [11]. SDE had
been studied through particular cases until quite recently. Just a few works have been directed look-
ing for a general understanding. One of these works describes completely entanglement dynamics for
initial pure state of 2×2 systems but just with one of the subsystems interacting with special baths [16].
In spite of the importance of the obtained results, they are applicable just to a reduced group of
systems and the general way to proceed in case of large dimensions is still not clear. The reason for
this resides in the way some entanglement measures have been defined which implied an optimization
problem. The conceptual problem has then been hidden by a hard mathematical problem, that implies
huge and expensive computational resources. For mixed states, an entanglement measure then implies
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a search of a pure state decomposition, that minimize the pure state entanglement average; for high
dimensional systems this constitute a problem whose difficulty we can not stress enough.
Recently, however, new light was shed on open systems entanglement dynamics with the use of quantum
trajectories [17, 18]. Based on numerical results, it was conjectured [18] that an optimal continuous
measurement prescription generates the – in the above sense – optimal pure state decomposition of
the system state, such that the mean entanglement yields the correct mixed state entanglement, at all
times. Such optimal unravellings may help to overcome the mentioned experimental and theoretical
shortcomings, since they allow for a restriction of the optimization space, and define continuous mon-
itoring prescriptions for the experimental measurement of entanglement.
In this work we build from the ideas in [18] and address the aforementioned challenges from a quantum
trajectories approach. In the second and third chapters we introduce some fundamental elements in
entanglement and open systems theories that will be used along the text. The fourth and fifth chapters
present and exploration of the unravelling of concurrence for 2× 2 systems under the effects of special
environments, often used in quantum information and computation protocols (thermal, dephasing and
depolarizing environments). We have analyzed different configuration of the systems, coupling one or
both systems to independent or shared environments. Some important results of this chapter have
been already published [19]. We found that in particular cases the optimal unravelling that generates
the optimal pure state decomposition obtained trough this approach is time independent and permits
to obtain a deterministic expression for the entanglement evolution. Moreover we propose an exper-
imental setup design to measure entanglement directly in the laboratory in an inexpensive resource
way. For some other cases, the best unravelling found is not optimal and therefore does not describe
exactly the entanglement dynamics, it, however, does provide an excellent upper bound for the entan-
glement evolution, beating all the common upper bounds found in the literature. Finally, our line of
thought lead us into new perspectives for the use of quantum trajectories in quantum entangled state
preparation and control; results in this area are presented in last chapter. There we use concurrence
of assistance and entanglement of formation as measures of entanglement, and show their usefulness
to prepare states with the highest possible amount of entanglement or the ensemble of states with the
smallest possible variance around a value of this quantum property. Related with this we have found
interesting ways to protect maximally entangled states of decoherence effects in specific cases.
The reader will find in this text, a complete analysis of different systems with a well and not so
well known dynamics, that have allowed us to know the limits of quantum trajectories approach in the
analysis of quantum entanglement dynamics through comparison process, introduce new possibilities
in this area, and, actually open the doors to a new perspective related with the generalization of the
results with higher dimensional systems.
2
Chapter 2
Entanglement
Entanglement, besides becoming in recent years one of the most studied quantum phenomena, has
acquired a main role in most of the applications that exist in quantum information and computation
[20]. It is therefore, that the comprehension of the dynamics of its degradation under decoherence, just
like the quantification of this process, are not only challenges from a pure scientific point of view, but
are also problems with practical implications of crucial relevance. Entanglement has become an essen-
tial resource in protocols of cryptography [1], teleportation [2, 3, 4] and quantum computation [5]. In
this work these challenges are addressed using the method proposed in reference [18] taking advantage
of the quantum trajectories approach to describe open quantum systems. In order to implement this
strategy it is necessary to introduce the basic concepts that are behind the quantum entanglement and
those ones related with the dynamics of open quantum systems.
In this chapter, we introduce the basic tools that will allow the reader to understand the nature
of entangled states and the measures of entanglement which are more often used. Additionally, most
accepted entanglement bounds will also be presented. These limits on the entanglement content of a
state are commonly used as detectors of entanglement because of the difficulty that exist to directly
quantify it.
2.1 Entanglement
“not one but the characteristic trait of quantum mechanics,
the one that enforces its entire departure from classical lines of thought.”
(E. Schro¨dinger, from Ref. [21])
In 1935, just after the article of Einstein, Podolsky and Rosen[22] where the authors expressed their
concern about the existence of certain properties in quantum systems that can be ascribe in the absence
of measurement (and not just probabilistically) and the consequent no-locality for specific quantum
systems, Schro¨dinger published two articles [21, 23] discussing their argument. In these couple of
papers he introduced the concept of entanglement and entangled states in order to describe the non-
classical correlations, i.e., correlations that cannot be described in terms of classical probabilities, and
the states which display such non-classical correlations [20, 24, 25].
The non-classical correlations mentioned by Schro¨dinger appear between parts of composite quan-
tum systems, i.e., systems that can naturally be decomposed into two or more subsystems [20, 24, 25].
The entangled subsystems, which present these non-classical correlations, do not have their own in-
dividual quantum states, only the composite quantum system as a whole has a well-defined state.
In this sense, it is said that entangled subsystems behave as if they were connected between them,
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Figure 2.1: A qubit (quantum version of a bit) on the Blochs sphere. The spherical
surface represents all possible pure quantum states. An arrow pointing to a location on the
surface indicates the state of the qubit. The north pole (red) is equivalent to |1〉 and the
south pole (blue) to |0〉. The other locations are quantum superpositions of |1〉 and |0〉.
independently of how far apart they are. Measurements over one of the entangled subsystems provide
information about its partners [20, 26].
In general is not easy to know if a state is entangled. In fact, what exist are separability criteria
[24, 25, 8] that allow us to recognize states which are separable or not entangled. In case a state is
not separable, it is said to be entangled. The separability of a state depends on its nature, i.e., it is
different for pure or mixed states.
A pure state is separable if it can be written like a product state [24]. Product states are states
that can be written as a product of subsystem states. In order to illustrate this, let us consider a pure
state of a bipartite system with Hilbert space H =H1 ⊗H2, and each subsystem prepared in a pure
state |ψi=1,2〉 in a way that the product or separable state of the whole system is |Ψs〉 = |ψ1〉⊗|ψ2〉. As
a consequence of this form the results of any local measurement performed on one subsystem are uncor-
related (or independent) of the results of any local measurement performed on the other subsystem [8],
and the total system state contains exactly the information that is contained into the subsystem states.
In contrast, for entangled states the results of local measurements on the different subsystems are
correlated, i.e., entangled states cannot be written as a product of subsystem states. In particular,
consider a qubit (the quantum version of a bit): any system compose of two different states |0〉 and
|1〉 and all their superposition as possible quantum states. (Qubits are usually represented by a sphere
with radius 1, the Bloch sphere; pure states correspond to points on the surface of that sphere, with
the |0〉 and the |1〉 being the south and north poles respectively, see figure 2.1.) The simplest example
of entangled states for two of these qubits are the well known Bell states:
|Ψ+〉 = |10〉+ |01〉√
2
, |Ψ−〉 = |10〉 − |01〉√
2
,
|Φ+〉 = |00〉+ |11〉√
2
, |Φ−〉 = |00〉 − |11〉√
2
,
(2.1.1)
which correspond to maximally entangled quantum states. Entangled qubits can be represented like in
figure 2.2 with solid or dashed lines entangling them if the qubits are maximally or partially entangled,
respectively.
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Figure 2.2: Entangled qubits representation. Top: Two maximally entangled qubits
represented by solid lines entangling them. Bottom: Two partially entangled qubits with
dashed lines entangling them.
This idea can be easily extended to multipartite systems, i.e., systems that decompose into more
than two subsystems. A N -partite system is described by a Hilbert space H =H1 ⊗ ...⊗HN , and a
pure state of the systems is said to be separable if it can be written as a product of N states, each of
which describes one of the subsystems[8].
Separability for mixed states is not as easy to define as for pure states. For mixed states not all
separable states can be written as a product of mixed states on each subspace ρ(1) ⊗ ...⊗ ρ(N). More
generally, a convex sum of mixed product states % =
∑
i piρ
(1)
i ⊗ ...⊗ ρ(N)i , with pi > 0 and
∑
i pi = 1
is necessary to represent a general separable mixed state [6]. Such a state refers to a situation where
correlations between different subsystems are due to incomplete knowledge about the system state and
are classical in character [6, 24].
Though there are general criteria that discriminates unambiguously separable from entangled states,
like entanglement witness [27, 28, 24], positive partial transposition[27, 29, 30] and positive maps
[27, 30, 24], not all of them allow for a quantitative description of entanglement when present. To
go beyond this qualitative distinction, and to be able to quantify entanglement and describe its time
evolution a further step is necessary: we need to introduce entanglement measures.
2.2 Entanglement Measures
Entanglement measures allow for a quantitative description of entanglement rather than a purely qual-
itative one obtained from separability criteria. They allow to compare the amount of entanglement
between different states. There are many different measures of entanglement [24, 25, 8], and many
more can, in principle, be defined, yet for any of them to be accepted as a rightful measure it has to
satisfy an essential condition: to be an entanglement monotone, i.e., it must not increase under Local
Operations and Classical Communications (LOCC)1[8] .
Besides monotonicity under LOCC, there are some other convenient features an entanglement mono-
1LOCC are related to any operation were “parties having access to different subsystems can use means of classical
communication to exchange information about their locally performed operations and the respective outcomes, and,
subsequently, apply some further local operations conditioned on the communicated information.” [8]
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tone, E , should exhibit [8]:
• E(ρ) vanishes exactly for separable states.
• Additiviy : The entanglement of n copies of a state adds up to n times the entanglement of a
single copy, E(ρ⊗n) = nE(ρ).
• Sub-additivity : The entanglement of the product of two states is not larger than the sum of the
entanglement of both individual states, E(ρ⊗ ρ′) ≤ E(ρ) + E(ρ′).
• Convexity : E(λρ+ (1− λ)ρ′) ≤ λE(ρ) + (1− λ)E(ρ′) for 0 ≤ λ ≤ 1.
Entanglement monotones that satisfy these additional axioms are called entanglement measures M.
This list of axioms is, nevertheless, not uniquely accepted. In spite of few attempts to propose a list
of axioms that leads to a unique measure [31], there is still certain flexibility on this topic and the
acceptance and usefulness of a particular entanglement measure is more related with its computability
than with its observance to a list of axioms.
To quantify entanglement, in this work three different entanglement measures have been considered:
entanglement of formation, concurrence and concurrence of assistance. All of them are commonly used
measures in the literature and have been chosen because they reveal different interesting features of
the quantum trajectories approach in the description of entanglement dynamics in open systems.
In the following, the mentioned measures for pure and mixed states will be presented. For pure states,
as the reader will be able to notice, it is possible to give constructive definitions for the entanglement
measures described because they bear no classical correlations. However, in the case of mixed states
it is necessary to distinguish classical correlations from genuine quantum correlations; as it turns out,
to define entanglement measures for this case is much more involved [8].
2.2.1 Pure States
Concurrence
Originally, Wootters introduced this entanglement measure as an auxiliary quantity used to calculate
the entanglement of formation for 2× 2 systems, i.e., bipartite systems composed by two level subsys-
tems [32]. Nevertheless, it is nowadays considered an independent measure on itself and is defined for
pure and mixed states.
Two qubit systems
For pure states of 2× 2 systems, the concurrence C is defined in terms of the Pauli matrices as [32]:
C(Ψ) = |2 〈Ψ∗|σy ⊗ σy |Ψ〉 |, (2.2.1)
where |Ψ∗〉 denotes the complex conjugate of the pure state, with this conjugation done respect to
the standard basis. That is, if 〈Ψ| reads 〈Ψ| = ∑ij βij 〈ij|, then 〈Ψ∗| reads 〈Ψ∗| = ∑ij β∗ij 〈ij|.
Equivalently, 〈Ψ∗| is the transpose of |Ψ〉, whereas 〈Ψ| is the adjoint of |Ψ〉 [24]. For our work it is
convenient to introduce yet another quantity, the so called pre-concurrence,
cΨ = 2 〈Ψ∗|σy ⊗ σy |Ψ〉 . (2.2.2)
Clearly, the concurrence is given by C(Ψ) = |cΨ|.
Higher dimensional systems
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For a pure states |ΨN 〉 of a N -partite system with associated Hilbert space H = H1 ⊗H2 ⊗ ...HN ,
Mintert et al. [33, 34] proposed the following generalization of concurrence:
CN (Ψ) = 2
1−N/2
√
(2N − 2)−
∑
i
Tr ρ2i , (2.2.3)
where the index i labels all (2N − 2) possible bipartitions of the N -partite system and the ρi are the
corresponding reduced density matrices [33, 34].
Entanglement of Formation
Entanglement of formation comes from the use of entropy (indeterminacy of the state) as a measure
of the quantum correlations of a composite system. The subsystems entropy is a measure of the miss-
ing information in going from the whole, i.e., the pure state of the composite system, to the parts
[35, 24, 8]. Although originally intended for pure states, after its necessary extension for mixed states
the entropy of entanglement was rename entanglement of formation. This is considered the most basic
of the entanglement measures. Entanglement of Formation quantifies the resources needed to create a
given entanglement state [32, 36].
Bipartite systems
The entanglement of formation of a bipartite pure state is the entanglement entropy, i.e., the von
Neumann entropy of the reduced density matrix,
EF (Ψ) = S(ρA) = −TrρA ln ρA = S(ρB) = −TrρB ln ρB , (2.2.4)
where ρA = TrB(Ψ) and ρB = TrA(Ψ) are the respective reduced density matrix which describes the
state of each subsystem. Hill and Wootters [37], extending this measure to the more general situation
in which the systems entangled share a mixed state, redefined it in terms of concurrence [37],
EF (Ψ) = H
(
1
2
+
1
2
√
1− C(Ψ)2
)
(2.2.5)
where H is the binary entropy function H(x) = −[x log2 x + (1 − x) log2(1 − x)], and C(Ψ) the con-
currence defined previously in (2.2.1).
Higher dimensional systems
No explicit general formula for entanglement of formation have been found for systems larger than
a pair of qudits. Closed expressions have been given for special classes of high dimensional states
[38, 39, 40] though.
2.2.2 Mixed States
Mixed states contain, at the same time, classical and quantum correlations. A way to distinguish
between these two kind of correlations is provided by mixed state entanglement monotones.
As for the case of pure states, a mixed state entanglement monotone is defined as a quantity which
does not increase under LOCC. Since any mixed state can be decomposed into a probabilistic mixture
of pure states,
ρ =
∑
i
pi |Ψi〉 〈Ψi| (2.2.6)
with pi > 0 and
∑
i pi = 1, it is possible to characterize the problem of entanglement of mixed states
in terms of its pure states components.
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The most natural thought that emerges when confronting the generalization of pure state entanglement
measures to mixed states, is to take the mixed state entanglement E to be the average over the entan-
glement of the pure states of the decomposition (2.2.6), i.e., E(ρ) = ∑i piE(Ψi). This choice, however,
presents an essential drawback: for mixed states the decomposition (2.2.6) is not unique, leading to
a non-unique value for the entanglement measure. As it turns out, the only monotonously decreasing
under LOCC mean is the infimum of all the means. Therefore the mixed states entanglement is defined
as the minimal average value over all the possible decompositions into pure states (2.2.6), the so called
convex roof [24, 8],
E(ρ) = inf
{pi,|Ψi〉}
∑
i
piE(Ψi). (2.2.7)
For the particular case of a 2 × 2 system there is an algebraical expression for concurrence and a an-
other one for entanglement of formation calculated from this expression (see below). For more general
cases the explicit optimization over the space of decompositions of ρ into pure states must be carried
out. Because of the large dimension of the parameter space this optimization procedure poses a hard
numerical problem for higher dimensional or multipartite systems. The demand of computational re-
sources becomes even more critical when considering a system state that is evolving in time: Then
the evaluation of entanglement is necessary at each instant of time. At least equally challenging is the
physical insight provided by definition (2.2.7). Even in the cases in which Eq.(2.2.7) can be evaluated
analytically, the solutions does not offer any clear physical interpretation which could help elucidating
the mixed state entanglement [32].
This work addressed these problems from a novel perspective: a quantum trajectory description of
the open system dynamics. Even though with this approach the optimization cannot be avoided com-
pletely, the dimension of the parameters space is drastically reduced. In addition, in this work, we
notice that by construction quantum trajectories offer directly pure states decomposition of the system
state, rendering the approach into an efficient tool for the study of the properties of pure states de-
compositions yielding the value of entanglement of mixed states. In the next chapters this properties
of quantum trajectories formalism will be analyzed deeply.
Concurrence of Assistance
The entanglement of assistance was originally introduced by Cohen [41] in the notion of maximal hid-
den entanglement2and later independently considered by Divincenzo et al. [42]. Starting from a three
party pure state |ψ〉ABC , entanglement of assistance quantifies how much entanglement of formation
party C can make between A and B by doing local measurements on his part of the state. It was shown,
however, in [42], that it can be considered as a measure of entanglement of a general (mixed) quantum
state for a bipartite system, and that it corresponds to the maximum of the average entanglement over
all ensembles consistent with the density matrix describing the bipartite system ρAB =
∑
i pi |Ψi〉 〈Ψi|.
Concurrence of assistance was introduced later by Lautsen et al. [43] taking advantage of the simple
algebraic form that concurrence brings, but the idea behind the concurrence of assistance is just the
same that is behind entanglement of assistance: they are measures that by definition are the maximum
possible average entanglement that an assistant partie can create between the other parties by reducing
the state. For a 2× 2 mixed state ρAB it is defined as follows:
CA(ρAB) ≡ max{pi,|Ψi〉}
∑
i
piC(Ψi). (2.2.8)
2Oliver Cohen introduced the concept of hidden entanglement in [41] referring to the fact that a mixed state may
have been prepared with entangled states, even if it is separable in the sense of the separability criteria, i.e. separable
in the sense that their density matrices can be written exclusively in terms of product states.
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Analytical expressions for mixed states entanglement
As mentioned above, in the particular case of 2×2 systems analytical expressions for the entanglement
measures considered exist. In this section they will be presented as they will be used extensible in the
remaining of this work.
• Concurrence
Concurrence of a 2 × 2 system is the only quantity whose convex roof can be evaluated alge-
braically. The analytic expression is due to Wootters [32], and reads
C(ρ) = max
{
λ1 −
4∑
i=2
λi, 0
}
, (2.2.9)
where the λi are the square roots of the eigenvalues of non-Hermitian matrix ρ(σy⊗σy)ρ∗ ordered
in a descending fashion (λ1 > λ2 > λ3 > λ4) and ρ
∗ is the complex conjugate of ρ. This quantity
will be used to compare the results of the approach studied in this work for 2× 2 systems.
• Entanglement of Formation
Taking into account the relation (2.2.5) between entanglement of formation and concurrence, the
entanglement of formation for a 2× 2 system is evaluated substituting into (2.2.5) the analytical
expression (2.2.9) for concurrence.
• Concurrence of Assistance
Thomas Lautsen et al. [43] have given an analytical expression for concurrence of assistance in
2× 2 systems following Wooters [32]:
CA(ρAB) =
4∑
i
λi (2.2.10)
where the λi are the square roots of the eigenvalues of the same non-Hermitian matrix considered
for concurrence.
2.3 Entanglement Bounds
Entanglement measures are not typically measurable directly. That is why reliable bounds related with
each specific entanglement measure have been proposed, they are intended to be directly measured
experimentally [44, 45, 46]. These bounds provide tight estimates of mixed state entanglement that are
experimentally directly accessible, through a small number of projective measurements, for arbitrary
ρ [47, 48]. Measuring upper and lower bounds in experiments can present an exact region which must
contain the concurrence of experimental quantum states.
In this section it will be presented those more efficient and measurable bounds for concurrence [48, 47].
These bounds will be used as a point of comparison of the results obtained in this work. Recently
another works about lower bounds for specific kind of systems [49] have appeared, different measures
[50] or specific states [51], but all this researches still compare with the MB (Mintert-Buchleitner) lower
bound [48] because of its generality. The quantum trajectories approach presented here for the study
of entanglement evolution, has been implemented through a minimization of the average differential
E[dM] of the entanglement measure [18] (this will be study in depth in the next chapter), in that
sense, even in the cases when the results obtained using this approach were not exact, the entangle-
ment dynamics obtained can be taken as an upper bound for entanglement. To our knowledge, the
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most accepted upper bound for concurrence is the one proposed by Zhang et al. [47]. The reader will
find that in this work we improve over that upper-bound in the cases where our method does not yield
the exact concurrence dynamics.
2.3.1 Lower Bounds
Bipartite case
Using as starting point definitions (2.2.1) and (2.2.7) for concurrence, Mintert and Buchleitner proposed
a lower bound for concurrence [48],
C2(ρ) ≥ 2 max
r=A,B
{
Trρ2 − Trρ2r
}
, (2.3.1)
where in the case in which the right-hand side of the equation is negative it is replaced with zero.
Multipartite case
Utilizing the bipartite bound (2.3.1), Aolita, Mintert and Buchleitner showed in [52] that CN (ρ) satisfies
the following inequality
C2N (ρ) ≥ 22−N
[
(2N − 2)Trρ2 −
∑
i
Trρ2i
]
, (2.3.2)
where CN is the concurrence for a N -partite pure state, as defined in Eq.(2.2.3), and the summation
runs over all 2N − 2 proper bipartitions of ρ.
2.3.2 Upper Bounds
Bipartite case
An upper bound on concurrence, “dual” to the bound (2.3.1), was provided in [47] by Zhang et al.,
where the authors showed that
C2(ρ) ≤ 2 min
r=A,B
{
1− Trρ2r
}
. (2.3.3)
Multipartite case
In a similar way to the bipartite “dual” case, it was shown in [47] that the multipartite concurrence
CN (ρ) satisfies the inequality
C2N (ρ) ≤ 22−N
[
(2N − 2)−
∑
i
Trρ2i
]
, (2.3.4)
with the summation running over all 2N − 2 proper bipartitions of ρ.
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Chapter 3
Open Quantum Systems
“An open system is nothing more than one which
has interactions with some other environment system,
whose dynamics we wish to neglect, or average over.”
(Nielsen and Chuang, from Ref. [20])
The dynamics of closed systems is the one usually studied. However, all real systems suffer unwanted
interactions with the environment leading to the socalled noise in quantum information processing sys-
tems [20]. Hence, all efforts to establish possible measures of entanglement must be supplemented with
the study of the dynamics of open systems in ways that enable us to understand how “real” quantum
systems evolve under these noises.
In open quantum systems the contact with the environment generically causes the state of the system
to become mixed [20, 53], i.e., during the interaction process knowledge about the system is lost. Ac-
cordingly, most of the times, the time evolution of an open system is given by a deterministic equation
for the system density operator: The master equation [20, 54, 55, 56, 57, 58, 59]. Alternatively, how-
ever, the system dynamics can be described by quantum trajectories [20, 56, 60, 61, 62].
The unavoidable coupling of quantum systems to their surroundings is responsible for the deterio-
ration, in ways that still escape quantification and of which we have only a limited understanding,
of the most important quantum information resource: entanglement. In this work the effects of the
system-bath coupling in the entanglement dynamics in open quantum systems is studied by means of
a description based on the quantum trajectories formalism.
This chapter contains the theoretical framework related to open quantum systems. The first part
covers the quantum master equation in the Lindblad form. The reader will find the basics concepts
that are behind this equation and will identify the Lindblad operators as open quantum systems dy-
namics generators. Next, an introduction to quantum trajectories is given. This theory is largely
employed in theoretical quantum optics and quantum open system theory and is closely related to the
conceptual basis of quantum mechanics (quantum measurement theory). Finally the chapter closes
with a review of important environmental models well known in literature and that have been used in
this research. It includes the thermal bath, with its respective limits, amplitude damping and infinity
temperature baths, along with the dephasing bath and depolarizing bath. These environment models
have been included because of their importance as captors of the most important features of the noise
occurring in open quantum systems and their present experimental relevance.
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3.1 Master Equation
Consider a quantum system that is weakly coupled to an environmental reservoir in such a way that
many modes of the reservoir are roughly equally affected by the system. Assume in addition that the
environment has short correlation times. Under these conditions, the Born-Markov approximation to
describe how the environment affects the system is appropriate, and we can ignore the state of the
environment and focus on the density matrix of the system.
For this kind of systems the evolution equation for the density matrix is known as the quantum master
equation. There are many forms of this equation, of which the most general is the Linblad form [63]:
ρ˙ = − i
~
[H, ρ] +
N∑
k=1
Lkρ. (3.1.1)
Here, the first term on the right hand side accounts for the unitary dynamics generated by the system
Hamiltonian H, while the super-operators Lk describe the effects of the environment on the system.
Their action on an arbitrary state ρ is
Lkρ = JkρJ†k −
1
2
(J†kJkρ+ ρJ
†
kJk) ,
and the operators Jk – which we will lump together as a vector J hereafter – are determined by the
specific coupling between system and environment. Although this representation is not unique, we can
reduce the ambiguity by requiring that the operators Jk be linearly independent [20, 53, 54].
3.2 Quantum Trajectories
Assuming that the time evolution of the system is given by a quantum master equation of the form
(3.1.1), it is possible to describe the system dynamics by an alternative approach: quantum trajectories.
This method, first proposed by Charmichael [56] following the ideas in [64, 65], is equivalent to the
stochastic trajectories of pure states [54, 55, 57, 58, 59, 61].
Instead of attempting a direct solution of (3.1.1) for the mixed state ρ, in this work we follow an
alternative path in the spirit of [18]: Monitoring the environment. This corresponds to continually
measuring the environment state on a time scale large compared with the reservoir correlation time
but small compared to the response time of the system [24]. This process is important, since if one
takes note of the results of monitoring the environment, the system state evolution will be conditioned
to the measurement result and will become entangled with the environment, hence no longer obeying
the master equation. And, if the initial state of the system is a pure state, then the effect of the
monitoring is to cause the system to change from a pure state to another pure state in a stochastic and
nonlinear way. Such evolution in pure states is what has been called quantum trajectories [56, 66, 53].
In this formalism, the stochastic nonlinear Schro¨dinger equation that describes a quantum trajectory
is given by [56, 67, 68, 69]
|ψ˙〉 = −iHψ |ψ〉+ noiseψ, (3.2.1)
and describes the system evolution into pure states conditioned on the measurement record, i.e.,
depending on the measurement result of the environment. Here, Hψ corresponds to a non-hermitian
effective Hamiltonian for the system and the noiseψ term embodies the randomness of the evolution.
Both Hψ and the noiseψ term depends on the state |ψ〉. The unconditional state of the system is
recovered from the conditional evolution via
E[|ψt〉 〈ψt|] ≡ ρ(t), (3.2.2)
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where E denotes the expectation value or ensemble average with respect to the noise process in the
stochastic Schro¨dinger equation (SSE) (3.2.1). In this sense, it is said that (3.2.1) unravels the master
equation since for a sufficiently large ensemble of trajectories, and the constraint (3.2.2), it is possible
to recover the evolution of the density matrix. Actually, there are infinitely many different unravellings
for a given master equation, corresponding to different ways of monitoring the environment [53, 56].
In general, the noises in Eq.(3.2.1) could be written as quantum jump terms. These jumps can range in
size from being infinitesimal to being very large, i.e., after one of them, the system is always in a state
orthogonal to the state before the jump [53]. In the limit of infinitesimal jumps occurring infinitely
frequently the state evolves continuously but not differentiably in time, like it does in a Brownian
motion, i.e., in this limit diffusive unravellings result. Clearly there are other possible limits of (3.2.1),
yet, for the goals of this work, we concentrate only on the diffusive unravellings.
Assuming noise diffusive in nature with an expectation value equal to zero, i.e., Gaussian noise, the
corresponding Itoˆ stochastic equation for the state increment, yielding a continuous evolution for |Ψc〉,
is [53, 56, 70, 71]
d |Ψc〉 = −iHˆΨc |Ψc〉 dt+ dξ†(t)(J− 〈J〉c) |Ψc〉 (3.2.3)
with,
HΨc =
1
~
H − i
2
(
J†J + 〈J†〉c〈J〉c − 2〈J†〉cJ
)
, (3.2.4)
where all expectation values are taken with respect to the conditional state |Ψc〉. The first term
describes the deterministic dynamics of the system, while the second, proportional to the vector dξ =
(dξ1, . . . , dξN )
T composed of infinitesimal complex Wiener increments [54], encompasses the stochastic
nature of the evolution. The stochastic process dξ has vanishing ensemble average, E[dξ] = 0, with
correlations
dξdξ† = I dt , dξdξT = u dt , (3.2.5)
where I is the identity matrix and u a complex symmetric matrix only restricted by the requirement
that the correlation matrix of the vector (Re dξ, Im dξ),
R =
dt
2
(
1 + Re(u) Im(u)
Im(u) 1− Re(u)
)
, (3.2.6)
be non-negative. This condition is satisfied if and only if ||u|| 6 1 [53] 1. Notice that with the
parametrization (3.2.5), a diffusive unraveling defined by (3.2.3) is completely specified once the cor-
relation matrix u is given. Different unravellings, even though equivalent and leading to the same
unconditional solution of the master equation (3.1.1), generate ensembles of trajectories with distinct
statistical properties.
3.2.1 Measurement Schemes
The relation between the unravellings of the master equation and the monitoring of the environment
has been already mentioned above: at each time step the state of the system is conditioned on the
results of such monitoring [53]. In order to understand this, it is necessary to consider repeated indirect
measurements [72], each lasting an infinitesimal interval of time and whose results are described by
complex currents Y(t) = {Yk(t)}, which are continuous, but not differentiable, functions of time.
These functions constitute the measurement record associated with the quantum diffusive process
(3.2.3) which conditions the evolution of |Ψc〉,
YT dt = 〈J†u + JT〉c dt+ dξT , (3.2.7)
1The matrix 2-norm ||A|| of a square complex matrix A is defined as the squared root of the maximum eigenvalue of
A†A.
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where each vector component represents a specific detection event. The conditional change in |Ψc〉 is
obtained after using this experimental record to substitute the noise term dξ in (3.2.3).
Here the stochasticity in the quantum trajectory is a manifestation of the randomness of the measure-
ment record, and the expectation value is taken respect to the conditioned state of the system [53].
These currents can be related to experimentally realizable situations in quantum optics where they
can be measured.
3.2.2 Environment models
In this section we shall discuss the kind of environments that will be used along this work. It includes
thermal, dephasing and depolarizing reservoirs. These models will be useful to illustrate the power
of the quantum trajectories approach. They are considered important in understanding the practical
effects of noise on quantum systems, and how noise can be controlled by techniques such as error
correction [20]. In particular, amplitude and phase damping baths are ideal models of noise that
capture many of the most important features of the noise occurring on quantum mechanical systems
[20]. The processes that these baths generate arise in real-world quantum systems: depolarizing
channel occurs in spin scattering, dephasing channel in elastic collisional interactions, and thermal
bath at arbitrary temperature is provided by thermal radiation background.[20].
Thermal Bath
This bath represents the general behavior of processes which involves energy excitations and dissi-
pations based in the interaction with the environment. It is modeled by a collection of harmonic
oscillators each in a thermal state,
ρˆE =
∏
i
e−Hˆi/kBT
Tr(e−Hˆi/kBT )
, (3.2.8)
with aˆi and aˆ
†
i the ladder operators of the i-th harmonic oscillator with frequency ωi, and Hˆi = ~ωiaˆ
†
i aˆi.
This kind of baths are characterized by its temperature T , which is directly related with the mean
number of excitations n of the field mode that is resonant with the system transition.
For a two level system the associated map is
|0〉S |n〉E →
√
n+ 1 |0〉S |n〉E , (3.2.9)
|1〉S |n〉E →
√
n+ 1(
√
1− p |1〉S |n〉E +
√
p |0〉S |n+ 1〉E), (3.2.10)
|0〉S |n+ 1〉E →
√
n(
√
1− p |0〉S |n+ 1〉E +
√
p |1〉S |n〉E), (3.2.11)
|1〉S |n+ 1〉E →
√
n |1〉S |n+ 1〉E . (3.2.12)
Here, the subscripts S and E label the system and environment states, respectively, with the ground
|0〉S and excited |1〉S states, and the n excitations state |n〉E . The probability of transference of an
excitation between the environment and the system is given by p (p allows a re-parametrization of
time by p = 1− e−γt, with γ the system-bath coupling strength). The average excitation n of the bath
modes induces an energy exchange from the bath to the system and vice versa.
The first line indicates that if no excitation is present in the system then system and environment
remain in the same state with probability (n + 1). The second line corresponds to a de-excitation
process: when one excitation is present in the system, it can either remain there with probability
(n+ 1)(1− p), or it can be transferred into the environment with probability (n+ 1)p. The third line
describes an excitation process: in this case one excitation in the environment can be absorbed by the
system, which initially was not excited, with probability np, or system and environment can remain
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in the same state with probability n(1 − p). Finally, the last line shows that if there is an excitation
in the system, it may remain there with probability n.
For a systemA-thermal bath coupling, the Linblad operators are given by:
J = (
√
γ−σ
(A)
− ,
√
γ+σ
(A)
+ )
T (3.2.13)
with σ
(A)
− , σ
(A)
+ the deexcitation and excitation operators, respectively, of the two level system A, and
γ− = γA(n+ 1) and γ+ = γAn the corresponding transition rates. The master equation that describes
the evolution of this system is
ρ˙ = γ−(σ
(A)
− ρσ
(A)
+ −
1
2
{σ(A)+ σ(A)− , ρ}) + γ+(σ(A)+ ρσ(A)− −
1
2
{σ(A)− σ(A)+ , ρ}), (3.2.14)
where {·, ·} denotes the anti-commutator. The first and second terms on the right hand side account,
respectively, for the de-excitations and excitations processes analyzed in the quantum map (3.2.9)-
(3.2.12).
Two limits of the evolution that thermal environments generate are of relevance for us:
Amplitude damping channel
This channel represents the general behavior of processes with energy dissipation. It is obtained from
the quantum map (3.2.9)-(3.2.12) in the limit of very low bath temperatures, T → 0, i.e., n → 0,
then the system evolution is exclusively driven by spontaneous emission. These are processes like the
dynamics of a two level atom which spontaneously emits a photon (on a zero temperature environment)
or the state of a photon in a cavity when it is subject to scattering and attenuation. In short, this
channel describes dissipative interaction between the system and the environment. Its corresponding
quantum map is [20, 73, 12],
|0〉S |0〉E →|0〉S |0〉E , (3.2.15)
|1〉S |0〉E →
√
1− p |1〉S |0〉E +
√
p |0〉S |1〉E . (3.2.16)
Notice that the initial state of the environment always corresponds to a thermal bath at zero temper-
ature. The first line indicates that if there is no excitation, the state of the system and the state of
the environment remain unchanged. On the other hand, Eq.(3.2.16) shows that if one excitation is
present in the system then, at each instant of time, it either remains in the system with probability
(1− p) or is transferred to the environment with probability p. As mentioned before, in this limit the
system dynamics is dominated by spontaneous emission, hence γ− = γ and γ+ = 0 and there is only
one Lindblad operator to describe the dynamics generated by this kind of environment,
J =
√
γAσ
(A)
− . (3.2.17)
The master equation which describes the evolution of the system’s state in this kind of environment is
ρ˙ = γA(σ
(A)
− ρσ
(A)
+ −
1
2
{σ(A)+ σ(A)− , ρ}) , (3.2.18)
containing only de-excitation processes.
T-infinite channel
This channel is obtained in the limit of a bath with high temperature and small coupling strengths
between system and bath. In this case T → ∞ and n ≈ n + 1, so that the absorption and emission
rates are almost equal and the channel corresponds to a noisy process where there is equal probability
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for a jump from the ground to the excited state and vice-versa (“bitflips”). Noticed that this limit is
well-defined only if simultaneously one lets γ → 0 and n → ∞ with γn → Γ < ∞. Its corresponding
quantum map is [20, 73, 12],
|0〉S |n〉E →|0〉S |n〉E + |1〉S |n〉E , (3.2.19)
|1〉S |n〉E →|0〉S |n〉E + |1〉S |n〉E . (3.2.20)
For this channel the state of the environment always corresponds to a thermal bath with high tem-
perature and it is not affected at all by the evolution of the system. Clearly, for infinite temperature
reservoirs, the excitations and de-excitations of the systems do not represent changes in its tempera-
ture. On the other hand, no matter what the initial state of the system is, the probability of excitations
or de-excitations are the same, as it was previously mentioned. Hence γ− = γ+ = Γ, and the Lindblad
operators that describe the dynamic generated by this kind of bath are,
J =
√
Γ(σ
(A)
− , σ
(A)
+ )
T. (3.2.21)
The master equation for the state of a 2× 2 system coupled to this kind of bath is,
ρ˙ = Γ(σ
(A)
− ρσ
(A)
+ −
1
2
{σ(A)+ σ(A)− , ρ}) + Γ(σ(A)+ ρσ(A)− −
1
2
{σ(A)− σ(A)+ , ρ}) , (3.2.22)
where clearly the de-excitation and excitation process occurs with equal probability.
3.2.3 Dephasing Bath
This bath represents a lost of coherence in the state with no changes in the populations, i.e., the
diagonal entries of the density matrix remain constant while the non-diagonal elements asymptotically
decay in time. A noisy field coupled to a two level system is a process of this kind. Its quantum map
is given by [20, 73, 12],
|0〉S |0〉E →|0〉S |0〉E , (3.2.23)
|1〉S |0〉E →
√
1− p |1〉S |0〉E +
√
p |1〉S |1〉E . (3.2.24)
Clearly, in case the system is excited and the environment is not, that is, in Eq.(3.2.24), then a change
in the state of the reservoir without any energy exchange between system and environment is possible.
The Lindblad operator that describes the generated dynamics of this kind of baths is,
J =
√
γ(σ
(A)
+ σ
(A)
− )
T. (3.2.25)
The master equation which describes the evolution of the system state under this kind of noise is,
ρ˙ = γA(σ
(A)
+ σ
(A)
− ρσ
(A)
+ σ
(A)
− − ρ). (3.2.26)
3.2.4 Depolarizing Bath
This bath is usually modeled as a quantum operation that isotropically destroys all input information on
a quantum state, replacing it by a maximally mixed state. It constitutes a non-unitary transformation
which maps pure states into mixed states. The characteristic quantity describing the dynamics is the
probability p = 1 − e−γt of finding the state completely depolarized. A quantum map representation
of it is [20, 73],
ρ→ (1− p)ρ+ p1 , (3.2.27)
where 1 is the identity operator. Under its action the quantum density matrix ρ is mapped onto a
linear combination of itself (1−p)ρ and the maximally mixed state p1 = (p′/3)(σxρσx+σyρσy+σzρσz),
p′ = 3p/2. This indicates that there is a probability p that the system will evolve into a completely
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mixed state and a probability (1−p) that nothing happens to it. The Lindblad operators that describe
the generated dynamics of this kind of baths are,
J =
√
γ
2
(σ(A)x , σ
(A)
y , σ
(A)
z )
T , (3.2.28)
where σ
(A)
x , σ
(A)
y , σ
(A)
z are the Pauli spin operator for the two-level system A. The master equation
that describes the state of a system of a qubit coupled to a depolarizing environment has the simple
form
ρ˙ = γ
(
1
2
− ρ
)
. (3.2.29)
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Chapter 4
Unravelling Entanglement Dynamics
As we have already discussed, the state of a system becomes mixed under the effects of decoherence
due to the loss of information. Quantification of the amount of entanglement in this kind of states
remains a major challenge for the theory of entanglement, implying the solution of a very demanding
optimization problem (cf. Eq.(2.2.7)). On the experimental aspects the situation does not seem to
improved. A direct measurement of entanglement in the lab remains elusive, specially if one considers a
system evolving in time. A comprehensive description of the entanglement dynamics in open systems,
which allow for an understanding of its fragility under decoherence, must therefore face all of these
difficulties. As we now show, this can be partially done using the formalism of quantum trajectories
initially proposed by Carmichael [56].
The idea to use the quantum trajectories formalism in order to describe the entanglement in open
systems was first proposed in reference [18]. Based on numerical calculations, the authors suggested
that it was possible to find an optimal unravelling, which accurately describes the entanglement dynam-
ics of a quantum system evolving under incoherent coupling to an environment. With this approach
the mixed state entanglement quantification problem is overpassed because “The entanglement of the
time evolved mixed state is given by the average over the pure state entanglement of the single real-
izations of the stochastic time evolution” [18] and, as mentioned in the previous chapter, measuring
pure states entanglement does not represent a challenge. Furthermore, the huge optimization problem
present in the determination of mixed states entanglement is now exchanged by another one much sim-
pler in a smaller parameter space: the search of that optimal unravelling that generates the minimal
change in concurrence and is related with a measurement prescription to directly measure entangle-
ment in lab. Recently [19], this model was implemented with diffusive trajectories in order to study
the decay of concurrence of two qubits coupled independently to amplitude damping channels. In it,
the authors found an optimal unravelling, derived a deterministic evolution equation for the system’s
concurrence, and proposed an experimental setup for a direct measure of the dynamics of entanglement.
In order to evaluate this approach as a general method to analyze decoherence effects in entanglement
dynamics of composite quantum open systems, in this chapter we extend these results for a number
of different baths and configurations. We start the chapter by introducing the basic elements for the
study of the entanglement dynamics 2 × 2 open systems using the quantum trajectories approach.
The quantum trajectories approach will be illustrated presenting the case of two initially entangled
qubits coupled independently to an amplitude damping channel; a case for which we have already
reported some partial results [19]. Finally, the extended results, with another kind of system-bath
couplings, e.g., thermal, dephasing and depolarizing channels with one of or both subsystems coupled
to the environment, are analyzed. We have find that this approach generates in some specific cases the
concurrence dynamics of the system, but even in those cases when it does not, the dynamics described
by the average concurrence constitutes an impressive good upper bound, surpassing other bounds pro-
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posed in the literatures [48, 47]. Moreover, in cases when the average concurrence do coincides with
concurrence exactly, we were able to obtain a deterministic evolution equation for concurrence, which
to our knowledge has not been reported before. These results convey the strength of diffusive quan-
tum trajectories as a complete and efficient method for the characterization of entanglement under
incoherent dynamics.
4.1 Entanglement increment
In this section we use quantum diffusive trajectories (2.2.2) to describe the entanglement dynamics in
open systems. In the rest of the chapter, we take as initial state for the system two entangled qubits
prepared in the pure state
|Ψ0〉 = ψ00 |00〉+ ψ01 |10〉+ ψ10 |10〉+ ψ11 |11〉 . (4.1.1)
Concurrence Increment
Starting with definitions (2.2.1) for concurrence, (2.2.2) for preconcurrence, and using Itoˆ calculus
together with the state evolution under quantum diffusive trajectories (3.2.3), the conditional change
in concurrence can be shown to be (see Appendix A):
dCΨ =
cΨ
CΨ
Re
[
−2i 〈H˜〉Ψ + 1cΨ | 〈J˜〉Ψ |2 − 〈J˜†J〉Ψ
+
(
〈J†k(σy ⊗ σy)Jl〉Ψ − cΨC2Ψ 〈J˜k〉Ψ 〈J˜l〉Ψ
)
ukl
]
dt+ 2CΨ Re
[(
cΨ 〈J˜〉Ψ − C2Ψ 〈J〉Ψ
)
dξ
]
,
(4.1.2)
where we defined 〈O˜〉Ψ ≡ 〈Ψ∗|O(σy ⊗ σy) |Ψ〉 for any operator O.
In order to find the optimal unravelling, which generates the optimal density matrix decomposition in
pure states related with the measurement of entanglement, it is necessary to minimize the change in
concurrence (4.1.2) at each time [18].
4.2 Amplitude Damping channel
In order to illustrate the method we first consider the effects of amplitude damping noises in the entan-
glement dynamics of 2×2 systems. Initially, the problem where one of the subsystems is independently
coupled to an environment of this kind will be faced. The optimal decomposition of the density matrix
that generates the concurrence dynamics for this case turns out to be unravelling independent, meaning
that there is no privileged way to measure concurrence in the laboratory, i.e., any experimental set up
will lead to unravellings whose average gives the system entanglement.
In the second part of this subsection, we study the case where both initially entangled subsystems
are coupled independently to amplitude damping baths, both of them with the same coupling constant
γ; these results provide a broader view of the applications of the formalism of quantum trajectories like
a tool to analyze the dynamics of entanglement. As it happens, the optimal unravelling in this case is
fixed by the initial state, hinting the existence of a subtle relation between the dynamics of entangle-
ment and the characteristics of the optimal decompositions. In addition, it is also time independent
allowing for a concurrence evolution governed by a deterministic differential equation. Using the op-
timal unravelling we present a design for a quantum optics experimental setup to directly measure
entanglement in the lab; this setup is fixed for all times because of the unravellings time independence.
As a closure for this subsection, we present results of a more general case: Two subsystems initially
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Figure 4.1: Two qubits initially entangled (t < 0) and prepared in a general pure state
|Ψ0〉 = ψ00 |00〉+ψ01 |10〉+ψ10 |10〉+ψ11 |11〉. One of them is coupled independently to a
zero temperature bath with coupling constant γ (t ≥ 0).
entangled and coupled independently to amplitude damping environments, but this time each with
different coupling constants.
4.2.1 Single subsystem coupled to an environment
We now consider two initially entangled qubits, with only one of them coupled to an amplitude damp-
ing bath with coupling constant γ (see Section 3.2.2), and the other completely isolated. A scheme of
the model consider is presented in Fig. 4.1.
Recently, the entanglement dynamics for this kind of systems, which are under the influence of lo-
cal decoherence in one of the subsystems has been studied [16, 74]. In Ref. [16] the authors present
a simple and general factorization law to describe the time evolution of entanglement, showing that
this quantity is fully characterized by the concurrence evolution of a maximally entangled state of
the system, i.e., it is independent of the initial state and completely determined by the action of the
channel on the maximally entangled state. The result obtained by Konrad et al. implies a simple way
to calculate the entanglement dynamics for this kind of systems applying Wootter’s formula (2.2.9) to
a maximally entangled state. This will be useful later in order to compare our results. From a different
perspective, in Ref. [74] the authors found that in 2 × 2 systems subjected to local measurements,
the concurrence average over an ensemble of quantum trajectories decays asymptotically with a rate
depending on the measurement scheme only.
In this specific case the Lindblad operator that describes the effects of the independent private zero
temperature environment in one of the subsystems, let us for definiteness say the first one, is given by
J =
√
γ(σ
(1)
− ⊗ 1), (4.2.1)
where the tensor product with the identity implies the privacy of the bath, i.e., the fact that the
operator affects only the first subsystem. Here γ is the coupling constant described in subsection 3.2.2,
and the operator σ
(1)
− is the de-excitation operator of the first qubit.
Substitution of Lindblad operator (4.2.1) into (4.1.2) yields the concurrence change in its Itoˆ form,
dCΨ = −1
2
γCΨdt− 2√γCΨRe [(ψ00ψ∗01 + ψ10ψ∗11)dξ1] . (4.2.2)
Now, in order to find the optimal unravelling it is necessary to minimize the ensemble average of this
quantity,
E [dCΨ] = −1
2
γE [CΨ] dt. (4.2.3)
Clearly this ensemble average corresponds to an unravelling independent concurrence evolution, i.e.,
no minimization is needed. As it was mentioned previously, this implies that there is no restriction
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Figure 4.2: Concurrence evolution for a couple of qubits with one of them under incoher-
ent coupling to a zero temperature environment (blue solid line). The initial state of the
system is |Ψ0〉 =
(
i
√
5 |11〉+ i |10〉 − |01〉+ |00〉) /√8 corresponding to a value of concur-
rence C(0,Ψ0) = 0.809. Time is rescaled as p = 1− e−γt. Average concurrence evaluated
using 1000 trajectories unravelling independent faithfully reproduces the exact result (cf.
Eq.(4.2.5)). The irregular line represents the pure state concurrence along an individual
quantum trajectory for the same initial state.
on the ways concurrence should be measured, i.e., in principle it is possible to relate any physical
realizable setup with a direct way to quantify the amount of entanglement of a 2×2 system under the
conditions described.
The last step we take is to verify that the dynamics generated once the change in concurrence (4.2.2)
is integrated coincides with the evolution of entanglement obtained by directly solving the master
equation, and using the Wooter’s formula for concurrence in 2×2 systems on the corresponding mixed
state. Integrating (4.2.2) leads to the exponential evolution
E[CΨ](t,Ψ0) = C(0,Ψ0)e
− 12γt (4.2.4)
for the mean concurrence with decay rate γ/2, a result consistent with [74]. It is easily check that this
result coincides with the exact dynamics of concurrence obtained directly from the density operator of
the system (see Appendix D for details),
C(t,Ψ0) = C(0,Ψ0)e
− 12γt. (4.2.5)
In figure 4.2 we show the average concurrence (4.2.4) evaluated numerically for 1000 trajectories, and
compare it with the exact result (4.2.5). The coincidence is perfect, demonstrating that the use of
quantum trajectories allow for a faithful and complete description of the concurrence for this system.
4.2.2 Two subsystems independently coupled to environments with the
same coupling constant
We now consider an extension of the model in the previous subsection: Each qubit is coupled to an
independent, private zero temperature environment (see Fig. 4.3), i.e., under decoherence induced
by spontaneous emission (section 3.2.2). Initially the two qubits are in the pure state (4.1.1). The
corresponding Lindblad operators for this case are (cf. Eq. (3.2.17)),
J =
(√
γ(σ
(1)
− ⊗ 1),
√
γ(1⊗ σ(2)− )
)T
, (4.2.6)
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Figure 4.3: Two qubits initially entangled (t < 0) and prepared in a general pure state
|Ψ0〉 = ψ00 |00〉 + ψ01 |10〉 + ψ10 |10〉 + ψ11 |11〉 are coupled independently to two different
zero temperature baths with coupling constant γ for both of them (t ≥ 0). The decoherence
generated because of the coupling with the baths causes decay in the entanglement.
where σ
(i)
− is the deexcitation operator of the ith qubit and γ the spontaneous decay rate, which has
been assumed equal for both qubits. We remark that in this case each de-excitation operator acts in
just one of the qubits while the identity acts on the other one. Substituting this form for the Lindblad
operators into (4.1.2) one obtains the change in the concurrence for this case,
dCΨ =
[
−γCΨ + 2γRe
(
cΨψ
∗2
11
CΨ
u12
)]
dt− 2CΨRe(〈J†〉Ψdξ). (4.2.7)
Time independent unravelling
The optimal unravelling is now found by minimization of the ensemble average E [dCΨ]. This is
accomplished by imposing that, for all trajectories and all times, the deterministic term in (4.2.7)
E [dCΨ] =
[
−γE [CΨ] + 2γRe
(
E
[
cΨψ
∗2
11
CΨ
u12
])]
dt , (4.2.8)
be minimal. It is readily verified that this is achieved by setting
u(opt) =
(
0 −eiθopt
−eiθopt 0
)
, (4.2.9)
with θopt = arg(c
∗
Ψψ
2
11). This choice of parameters implies that the optimal unravelling, determined
by the phase of ΘΨ ≡ c∗Ψψ211, is time independent. In order to see this, consider the equation of motion
of ΘΨ in its Itoˆ form,
dΘΨ =
[
2γ|ψ11|4u12 + ΘΨRe(fΨ)
]
dt+ ΘΨRe(g
T
Ψdξ
∗) ,
where
fΨ = −3γ + 2γ(| 〈σ(1)− 〉Ψ |2 + | 〈σ
(2)
− 〉Ψ |2) + 2γ
(
〈σ(1)− 〉
2
Ψ
u11 + 2 〈σ(1)− 〉Ψ 〈σ
(2)
− 〉Ψ u12 + 〈σ
(2)
− 〉
2
Ψ
u22
)
and
gΨ = (4γ 〈σ(1)− 〉Ψ , 4γ 〈σ
(2)
− 〉Ψ)
are functions of |Ψ〉 (Appendix B.1.1). Note that this equation depends on the unravelling. Upon
substitution of u(opt), it reduces to
dΘΨ = ΘΨRe(f˜Ψ dt+ g
T
Ψdξ) , (4.2.10)
with
f˜Ψ = −2γ|ψ11|
2
CΨ
− 3γ + 2γ(| 〈σ(1)− 〉Ψ |2 + | 〈σ
(2)
− 〉Ψ |2)− 4γ 〈σ
(1)
− 〉Ψ 〈σ
(2)
− 〉Ψ eiθopt
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a new function of the state. From (4.2.10), follows that dΘΨ and ΘΨ have the same phase. Thus
Im(ΘΨ + dΘΨ)
Re(ΘΨ + dΘΨ)
=
Im(ΘΨ)
Re(ΘΨ)
= tan(θop),
indicates that the phase of ΘΨ that determines the unravelling does not change, its value is fixed by
the initial state. This feature has at least three significant consequences:
1. The optimal decompositions for the unconditional state ρt are singled out as ensembles of pure
states which all exhibit the same phase of ΘΨ, signaling the existence of a subtle relation between
the temporal entanglement evolution and the characteristics of the optimal decompositions in
(2.2.7).
2. It implies that the optimal unravelling is time independent, with
θopt = arg(ΘΨ0) = arg(c¯
∗
Ψ0ψ
2
11(0))
determined by the initial state |Ψ0〉 only. This remarkable property, observed numerically in
[18] and analytically confirmed in this research [19], is of utmost importance for the design of
experimental setups to directly monitor the entanglement evolution: the monitoring strategy
associated with the optimal unravelling is settled once the initial state is chosen, and does not
require any steering along with the system’s temporal evolution.
3. Unravelling time independence makes it possible to deduce a deterministic differential equation
for the evolution of entanglement in the kind of systems analyzed. To our knowledge, the first
of its kind to be reported.
Concurrence dynamics
It is necessary to show that the optimal unravelling defined in (4.2.9) leads to a mean entanglement that
coincides with the mixed state entanglement defined in (2.2.7), since the set of physically realizable
decompositions of ρ is only a subset of all possible decompositions [75]. After substitution of the
optimal unravelling u
(opt)
12 into (4.2.8), we obtain (4.2.8),
dE[CΨ]
dt
= −γE[CΨ]− 2γE[|ψ11|2] , (4.2.11)
for the mean entanglement. The evolution equation of E[|ψ11|2] is unravelling independent and can
be obtained from the state of the system, i.e., the density matrix which solves the master equation,
E[|ψ11|2] = |ψ11(0)|2e−2γt. Thus Eq. (4.2.11) reduces to
dE[CΨ]
dt
= −γE[CΨ]− 2γ|ψ11(0)|2e−2γt , (4.2.12)
a deterministic equation of motion for the average concurrence, with parameters that depend on |Ψ0〉
only. The solution of this equation is
E[CΨ](t,Ψ0) = e
−γt [C(0,Ψ0)− 2|ψ11(0)|2(1− e−γt)] , (4.2.13)
what coincides with the known result [18, 76] for the specific physical scenario under study here.
Figure 4.4 shows the results obtained through numerical simulations with quantum trajectories using
the optimal unravelling (4.2.9), for two different initial states (both of them with the same initial
concurrence). One of the states presents sudden death of entanglement [10], i.e., disappearance of
entanglement at a finite time ts(red lines) while the other becomes separable only on an asymptotic
time (blue lines).
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Figure 4.4: Time evolution of concurrence for initial states |Ψ0〉 = (i
√
5 |00〉−|01〉+i |10〉+
|11〉)/√8 (dashed line) and |Ψ0〉 = (|00〉 − |01〉 + i |10〉 + i
√
5 |11〉)/√8 (solid line) under
incoherent coupling to a zero temperature environment. Both states have the same initial
concurrence C(0,Ψ0) = 0.809. Time is rescaled as p = 1− e−γt. The average concurrence
evaluated using 500 trajectories with an optimal unraveling faithfully reproduces the exact
result (cf. Eq. (4.2.13)). Irregular lines represent the pure state concurrence along individual
quantum trajectories for each initial state. The inset shows the time evolution of θ =
arg(c∗Ψψ
2
11) along these individual trajectories.
In addition to this coincidence between the average entanglement generated by optimal unravelling and
mixed state entanglement according to (2.2.7), even single quantum state trajectories carry relevant
information on the disentanglement process induced by the environment coupling: As evident from
Eq. (4.2.13), entangled initial states with CΨ(0,Ψ0) < 2|ψ11(0)|2 turn separable at finite times ts <∞,
while they only asymptotically reach separability otherwise [18, 10, 76] (see Fig. 4.4).
Since the concurrence of a two-qubit state is given by C(ρ) = max{0,Λ(ρ)} (2.2.9) [32], while
E[CΨ](t,Ψ0) is obtained as a sum of positive numbers, the latter reproduces the modulus of Λ(t) ≡
Λ(ρ(t)). Consequently, even CΨ(t,Ψ0) as derived from an individual quantum trajectory vanishes when
Λ(t) changes sign at t = ts; this is associated with a jump of the phase θ(t) = arg(c
∗
Ψψ
2
11) by pi. Thus,
the disentanglement time ts is unambiguously encoded in each individual quantum state trajectory, as
shown in Fig. 4.4.
Direct Monitoring
So far we proved that it is possible to find an optimal unravelling for the amplitude damping case
which is time independent and determined by the initial state only. In addition, we also obtained a
deterministic equation for the time evolution of the entanglement which parametrically depends on
the initial state. Now the only task missing is to relate these results with an experimental setup
corresponding to the optimal u(opt) found, for direct monitoring of the entanglement dynamics. For
the optimal unraveling (4.2.9), the complex currents (3.2.7) associated with the direct monitoring have
the explicit form
Y1 dt =
√
γ〈−eiθoptσ(2)+ + σ(1)− 〉c dt+ dξ1 ,
Y2 dt =
√
γ〈−eiθoptσ(1)+ + σ(2)− 〉c dt+ dξ2 ,
(4.2.14)
where, for notational simplicity, the operators’ superscripts specify the subspace on which they act. In
real life, nonetheless, only real currents can be measured. The strategy to obtain them demand the
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unravelling correlation matrix R (3.2.6). Its diagonalization will yield the correct linear combination
of the complex currents to obtain the real ones (Appendix C):
I1 dt =
√
γ
2
〈−eiθoptσ(2)+ + σ(1)+ + h.c.〉c dt+ dζ1 ,
I2 dt = −i
√
γ
2
〈eiθoptσ(2)+ + σ(1)+ − h.c.〉c dt+ dζ2 .
(4.2.15)
Here, dζi are real, independent increments, corresponding to the detectors’ shot noise. The complex
currents (4.2.14) are recovered from these reals currents through
Y1 dt = (I1 dt− iI2 dt)/
√
2,
Y2 dt = −eiθopt(I1 dt+ iI2 dt)/
√
2 .
(4.2.16)
and Wiener noises given by,
dξ1 =
1√
2
(dζ1(t)− idζ2(t)) , (4.2.17)
dξ2 =
eiθop√
2
(dζ1(t) + idζ2(t)). (4.2.18)
Figure 4.5: Experimental setup for direct monitoring of the entanglement evolution under
incoherent dynamics. One of the photons emitted by the two qubits combining with the
other photon in a 50-50 beam splitter (BS). Each of the outgoing modes is then subject to
homodyne detection with a local oscillator.
Using these currents we have designed an experimentally realizable setup in quantum optics: Photons
emitted by qubits 1 and 2, represented by
√
γσ
(1)
− and
√
γσ
(2)
− , respectively, enter the detection scheme
shown in Fig. 4.5. The photon coming from the second qubit passes through a phase shifter with
θ = −θopt +pi/2 before impinging on a 50-50 beam splitter, where it is combined with the photon from
qubit one. Each of the outgoing modes is then subject to homodyne detection with a local oscillator
with its phase set equal to θloc = −pi/2. At the detectors, this procedure yields the real homodyne
photocurrents [53].
With the real currents obtained experimentally and the recovered complex currents the conditional
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evolution of the state can be reconstructed by substituting them, with the help of (3.2.7), into (3.2.3).
This allows for an immediate evaluation of the pure state concurrence, that may recover the mixed
state entanglement dynamics after averaging over the ensemble of entanglement records generated in
this way.
This experimental proposal, the deterministic evolution equation (4.2.13), and the finite time disen-
tanglement detection with a single trajectory, convey the strength of diffusive quantum trajectories as
a complete and efficient method for the characterization of entanglement under incoherent dynamics.
4.2.3 Two subsystems coupled to independent environments with different
coupling constants
Up to this point we considered particular cases for two qubits, when one or both of the entangled sub-
systems are coupled to amplitude damping baths with coupling constant γ. Nevertheless, since each
of the subsystems are independently coupled, in general their coupling constants could be different.
In this subsection the dynamic of concurrence when coupling constants are different is analyzed using
the quantum trajectories approach.
Figure 4.6: Two qubits initially entangled (t < 0) and prepared in a general pure state
|Ψ0〉 = ψ00 |00〉+ ψ01 |10〉+ ψ10 |10〉+ ψ11 |11〉. Each of them is coupled independently to
a zero temperature bath with coupling constants γ1 and γ2 respectively (t ≥ 0).
Consider two subsystems of two levels, initially entangled and coupled independently to amplitude
damping baths with coupling constants γ1 and γ2, as in figure 4.6. The Lindblad operators are then
given by
J =
(√
γ1(σ
(1)
− ⊗ 1),
√
γ2(1⊗ σ(2)− )
)T
, (4.2.19)
differing just from the ones used in last subsection by the difference in the coupling constants. With
these operators, concurrence change has been calculated using (4.1.2):
dCΨ =
[
−1
2
(γ1 + γ2)CΨ + 2
√
γ1γ2Re
(
cΨ
CΨ
ψ∗11
2u12
)]
dt
− 2CΨRe [√γ2(ψ10ψ∗11 + ψ00ψ∗01)dξ1 +
√
γ1(ψ01ψ
∗
11 + ψ00ψ
∗
10)dξ2] .
(4.2.20)
Time independent unravelling
Following the method exposed in detail in the last subsections, the next step to take is to look for the
optimal unravelling minimizing the ensemble average of the concurrence change,
E [dCΨ] =
[
−1
2
(γ1 + γ2)E [CΨ] + 2
√
γ1γ2Re
(
E
[
cΨψ
∗2
11
CΨ
u12
])]
dt. (4.2.21)
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Notice that the optimal unravelling is exactly the same that was obtained in the case when both
coupling constants were the same,
u(opt) =
(
0 −eiθ
−eiθ 0
)
, (4.2.22)
with θ = Arg(c∗Ψψ
2
11). In the same way like in the last subsection, it is possible to analyze the evolution
of this phase, considering a phase function ΘΨ = c
∗
Ψψ
2
11. Now we take advantage of the process made
previously to calculate the equation of motion of ΘΨ in the Itoˆ form (Appendix B.1.2) and the result
obtained is,
dΘΨ =
[
2
√
γ1γ2|ψ11|4u12 + ΘΨRe(fΨ)
]
dt+ ΘΨRe(g
T
Ψdξ), (4.2.23)
where,
fΨ =− 3
2
(γ1 + γ2) + 2
(
γ1| 〈σ(1)− 〉Ψ |2 + γ2| 〈σ
(2)
− 〉Ψ |2
)
+ 2
(√
γ1 〈σ(1)− 〉
2
Ψ
u11 + 2
√
γ1γ2 〈σ(1)− 〉Ψ 〈σ
(2)
− 〉Ψ u12 +
√
γ2 〈σ(2)− 〉
2
Ψ
u22
)
and
gTΨ =
(√
γ1 〈σ(1)− 〉
∗
Ψ
,
√
γ2 〈σ(2)− 〉
∗
Ψ
)
.
The equation for dΘΨ depends on the unravelling. Upon substitution of u
(opt), it reduces to
dΘΨ = ΘΨRe
[
f˜Ψdt+ g
T
Ψdξ
]
, (4.2.24)
with
f˜Ψ =− 3
2
(γ1 + γ2)− 2√γ1γ2 |ψ11|
2
|cΨ|
+ 2
(
γ1| 〈σ(1)− 〉Ψ |2 + γ2| 〈σ
(2)
− 〉Ψ |2 − 2
√
γ1γ2
cΨψ
2
11
CΨ|ψ11|2 〈σ
(1)
− 〉Ψ 〈σ
(2)
− 〉Ψ
)
,
and we can conclude that dΘΨ has the same phase as ΘΨ. Following a reasoning along the lines of the
analysis made in the previous subsection for the phase of ΘΨ, it is easily seen that also in the present
case the phase of ΘΨ remains unchanged along trajectories generated within the optimal unravelling,
its value set by the initial state of the system. We could have anticipated this result, since the coupling
constants are positive and real constants they cannot modify the time independence of the unravelling.
Consequently, the implications of the time independence of the optimal unravelling discussed in the
previous section hold for the present case too. Nevertheless, it is necessary to corroborate that the
optimal unravelling found indeed generates the concurrence dynamics for this case.
Mean concurrence dynamics
Since the optimal unravelling is time independent, we use Eq. (4.2.21) to calculate the analytical
expression for concurrence generated by the unravelling approach (4.2.22). The average concurrence
change over all the possible trajectories is given by,
dE[CΨ]
dt
=− γ1 + γ2
2
E[CΨ]− 2√γ1γ2E[|ψ11|2]. (4.2.25)
Integration, after taking the ensemble average and using E[|ψ11|2] = e−(γ1+γ2)t|ψ11(0)|2, leads to the
evolution
E[CΨ](t,Ψ0) = e
− γ1+γ22 t
[
C(0,Ψ0)− 4
√
γ1γ2
γ1 + γ2
|ψ11(0)|2
(
1− e− γ1+γ22 t
)]
. (4.2.26)
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Figure 4.7: Concurrence dynamics for a 2× 2 system with each subsystem under ampli-
tude damping effects of independent baths with coupling constants ratio r = γ1/γ2 = 0.7
(blue solid line). The time is rescaled as p = 1 − e−γ1t. The initial initial state of the
system is |Ψ0〉 =
(−√5 |10〉+ 2i |01〉+ |00〉) /√10 corresponding to a value of concurrence
C(0,Ψ0) = 0.894. The average concurrence, evaluated using 1000 trajectories, is unravel-
ling independent and faithfully reproduces the exact result (cf. Eq. (4.2.28)). The irregular
line represents the pure state concurrence along an individual quantum trajectory for the
initial state.
This results clearly differs from the exact dynamics of concurrence for this system,
C(t,Ψ0) = e
− γ1+γ22 t
[
C(0,Ψ0)− 2|ψ11(0)|2
√
(1− e−γ1t) (1− e−γ2t)
]
. (4.2.27)
Introducing the ratio between the coupling constants r = γ1/γ2, we notice that the cases considered
previously corresponds to r = 0 (subsection 4.2.1) and r = 1 (subsection 4.2.2), and for them the
average concurrence coincides with the system concurrence. However, in cases where 0 < r < 1 the
dynamics of the average concurrence generated with the quantum trajectories approach does not in
general coincide with the system concurrence. An exception occurs in cases when the system does not
have more than one excitation, i.e., when ψ11(0) = 0, then
E[CΨ](t,Ψ0(ψ11(0) = 0)) = C(t,Ψ0(ψ11(0) = 0)) = e
− γ1+γ22 tC(0,Ψ0(ψ11(0) = 0)). (4.2.28)
As a matter of fact, in this case the change in concurrence is unravelling independent. The plot in fig-
ure 4.7 shows concurrence dynamics obtained numerically through the quantum trajectories approach
and the exact result for an initial state Ψ0 = (− |10〉+ i |01〉+ |00〉) /
√
3 and coupling constants ratio
arbitrary chosen. The average concurrence dynamics coincides exactly with concurrence dynamics,
decaying asymptotically with rate (γ1 + γ2)/2 in this particular case.
In figure 4.8 we turn to a more general initial state: Ψ0 =
(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8. The
graphics show the average concurrence (solid blue lines), concurrence (solid orange line), upper (dashed
purple lines) and lower (dotted purple lines) bounds (cf. (2.3.1) and (2.3.3)) for different gamma ratio:
(a) r = 0.2, (b) r = 0.4, (c) r = 0.6 and (d) r = 0.8. Notice that even though in this case the dynamics
does not coincide exactly, the difference between results is very small and just evident in large times.
The table 4.1 shows sudden death times for concurrence and average concurrence, it can be seen that
the difference decrease as r increase, but in all cases it is truly close to the actual time of concurrence
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Figure 4.8: Concurrence dynamics (orange solid line) and average concurrence (blue solid
line) for a 2×2 system with each subsystem under amplitude damping effects of independent
baths with different coupling constants γ1 and γ2, time rescaled as p = 1 − e−γ1t. The
initial initial state of the system is Ψ0 =
(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8 corresponding
to a value of concurrence C0 = 0.809. The figure include the dynamics obtained with
different coupling constant ratio between baths r = γ1/γ2: (a) r = 0.2,(b) r = 0.4,(c)
r = 0.6 and (d) r = 0.8. The irregular lines represent the pure state concurrence along
an individual quantum trajectory for the initial state and each case. The inset shows the
time evolution of θ = arg(c∗Ψψ
2
11) along these individual trajectories. The upper and lower
bounds for concurrence described in section 2.3.2 are shown (dotted and dashed purple
lines respectively).
disappearance. Remarkably these results show that even in the worst scenario, i.e., in cases where
0 > r > 1, the ensemble average concurrence dynamics proves to be a better upper bound than (2.3.3).
In cases when there is more than one excitation in the system, the entanglement can goes to zero in a
finite time. From (4.2.27) and (4.2.26), the sudden death conditions given by the analytical dynamics
in Eq.(4.2.27) and the ensemble average concurrence in Eq.(4.2.26) can be obtained. Concurrence dies
if C(0,Ψ0) < 2|Ψ11(0)|2, independently of the coupling constants value, while average concurrence
disappears at a finite time if C(0,Ψ0) < 2H(r)|Ψ11(0)|2, with H(r) = 2
√
r/(1+r). Because of this, we
may find situations in which the average concurrence does not die when concurrence does. Nevertheless,
the difference between both dynamics is so small, that the sudden death time of average concurrence
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r tC tE[C] pC pE[C] ∆t ∆p
0.2 2.923 3.379 0.9462 0.9659 0.456 0.0197
0.4 1.762 1.800 0.8282 0.8347 0.038 0.0065
0.6 1.373 1.380 0.7465 0.7484 0.007 0.0019
0.8 1.169 1.170 0.6894 0.6897 0.001 0.0003
Table 4.1: Concurrence (tC) and average concurrence tE[C] sudden death times for dif-
ferent coupling constants ratio, r = 0.2, r = 0.4, r = 0.6 and r = 0.8. The rescaled sudden
death time and difference with quantum trajectories approach has been calculated and
presented too.
brings a good idea of the time when concurrence completely disappears. The inset in 4.8 shows the
behavior of the phase θ(t) = arg(c∗Ψψ
2
11) for one trajectory, a jump by pi can be seen in the sudden
death time for average concurrence, like it happens when r = 0 (see subsection 4.2.2).
Direct Monitoring
The optimal unravelling found to describe the average concurrence dynamics for this case, Eq. (4.2.9),
is the same found in the previous subsection, therefore the experimental set up sketched in Fig. 4.5
will provide an efficient way to analyze the dynamics of concurrence, yielding an excellent upper bound
for it with a behavior closer to the exact dynamics.
The results obtained in this subsection show, that with the use of diffusive unravellings the dynamics
of concurrence for 2 × 2 systems with both subsystems coupled independently to amplitude damping
environments with different coupling constants can be approximated efficiently, and for some special
initial states even exactly. Noticeably, we found the optimal average concurrence is an excellent upper
bound for the entanglement dynamics.
4.3 Thermal channel
We now turn to extend the results obtained from the amplitude damping limit to the general case
of coupling with finite temperature thermal baths (see section 3.2.2). This kind of noise models the
coupling of an atom to a reservoir of simple harmonic oscillators or the decay of the radiation field
inside a cavity in which the mode of the field of interest is coupled to a whole set of reservoir modes.
These type of environments are related with lasers, masers and in general reservoirs whose variables
are distributed in the uncorrelated thermal equilibrium mixture of states [77].
We show results for the case of local coupling of only one of the subsystems. For this kind of baths the
average concurrence does not coincides with concurrence, except for short times. As the number of
excitations increase, the difference increase until the limit for infinite temperature. This limit has been
studied too, taking advantage of the results for the general case. Nevertheless the average concurrence
dynamics works as a good upper bound for concurrence.
4.3.1 Single subsystem coupled to an environment
Consider two qubits initially entangled with only one of them coupled to a thermal bath with coupling
constant γ and mean number of photons n (fig. 4.1). Following the description of this kind of baths
made in chapter 3, the Lindblad operators can be written using the transitions rates γ+ = γn and
γ− = γ(n+ 1),
J =
(√
γ−(σ
(1)
− ⊗ 1),
√
γ+(σ
(1)
+ ⊗ 1)
)T
, (4.3.1)
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where each one of them is acting just in the first subsystem, generating decaying or excitation in that
qubit, while at the same time the other subsystem remains untouched.
Keeping in mind the strategy previously illustrated, we calculate the concurrence change using Eq.
(4.1.2) and Lindblad operators (4.3.1), obtaining
dCΨ =−
[
1
2
(γ− + γ+) +
√
γ−γ+Re(u12)
]
CΨdt
− 2CΨRe
[√
γ−(ψ01ψ∗11 + ψ00ψ
∗
10)dξ1 +
√
γ+(ψ10ψ
∗
00 + ψ11ψ
∗
01)dξ2
]
.
(4.3.2)
Concurrence Dynamics
For this case the concurrence change depends on the unravelling through u12. To optimize its value,
the ensemble average of (4.3.2) must be minimized over the space of unravellings U ,
E [dCΨ] = −
[
1
2
(γ− + γ+) +
√
γ−γ+Re(u12)
]
CΨdt. (4.3.3)
The unravelling that minimize this expression is given by
u(opt) =
(
0 1
1 0
)
, (4.3.4)
which is a time independent matrix that let us calculate a deterministic expression for average concur-
rence. Replacing u(opt) in (4.3.3),
E[dCΨ] = −
(
1
2
(γ− + γ+) +
√
γ−γ+
)
E [CΨ] dt. (4.3.5)
Integration of (4.3.5) over time leads to
E[CΨ](t,Ψ0) = C(0,Ψ0)e
−( 12 (γ−+γ+)+
√
γ−γ+)t, (4.3.6)
an average concurrence with asymptotically decay and no death at a finite time, which does not coincide
with the concurrence obtained through Wooters formula,
C(t,Ψ0) = C(0,Ψ0)e
− 12 (γ−+γ+)t
[
1− 2
√
γ−γ+
γ− + γ+
sinh
(
1
2
(γ− + γ+)t
)]
. (4.3.7)
The difference between concurrence and average concurrence is clear. In particular, the rates of decay-
ing do not coincide and the quantum trajectories approach does not predict the concurrence’s sudden
death that in this case occur at tsd =
2
γ−+γ+
Arcsinh
(
γ−+γ+
2
√
γ−γ+
)
. For short times, however, we obtain
an accurate description, as can be seen comparing the series expansions:
E[CΨ](t,Ψ0) =C(0,Ψ0)
(
1− γ
2
(1 + 2n+ 2
√
n(1 + n))t
)
+ C(0,Ψ0)
γ2
8
(
1 + 2n+ 2
√
n(1 + n)
)2
t2 +O(t3)
(4.3.8)
C(t,Ψ0) =C(0,Ψ0)
(
1− γ
2
(1 + 2n+ 2
√
n(1 + n))t
)
+ C(0,Ψ0)
γ2
8
(
(1 + 2n+ 2
√
n(1 + n))2 + 4n(1 + n)
)
t2 +O(t3).
(4.3.9)
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Figure 4.9: Concurrence behavior in a 2× 2 system with the first subsystem coupled to
a thermal baths with number of photons n = 1 (4.9a), n = 3 (4.9b), n = 20 (4.9c) and
n = 100 (4.9d), time has been rescaled as p = 1 − e−nγt. The initial state of the sys-
tem is |Ψ0〉 =
(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8 corresponding to a value of concurrence
C(0,Ψ0) = 0.809. The plots show concurrence (solid purple lines) and average concurrence
(solid blue lines). The irregular lines represent the pure state concurrence along an indi-
vidual quantum trajectory for the initial state and each case. Upper and lower bounds
for concurrence described in section 2.3.2 have been plotted too in order to compare their
behavior with the one obtained with diffusive quantum trajectories (dotted and dashed
purple lines respectively). This results were obtained with 2000 trajectories for cases with
n = 1 and n = 3 and 10000 trajectories with n = 20 and n = 100.
The ensemble average concurrence’s dynamics as function of n is presented in figure 4.9, obtained
with 20000 quantum trajectories for finite temperature with n = 1, n = 3 photons, and 10000 quan-
tum trajectories for n = 20 and n = 100 photons. The initial concurrence C(0,Ψ0) = 0.89 corresponds
to the same initial state |Ψ0〉 =
(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8 used in previous case. The results
have been compared with the dynamics obtained through Wooters formula, and the most accepted
upper and lower bounds described in section 2.3.2. They reveal that the concurrence dynamics unrav-
elled is much closer to the real dynamics than the most commonly used upper bound, this means that
once again the worst scenario for the model proposed by Carvalho et. al. in [18] is the option to take,
as it is an excellent upper bound which follows the dynamics for short times.
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Consider the function ∆C(t) = (E[CΨ](t,Ψ0) − C(t,Ψ0))/C(0,Ψ0), which establishes the difference
between average concurrence and concurrence. This function is maximum at the sudden death time
tsd for concurrence:
∆C(tsd) =
(
2
√
n(n+ 1)
1 + 2n+
√
1 + 8n(1 + n)
) (√n+√n+1)2
1+2n
. (4.3.10)
the distance increases with n and saturates to a constant value; the plot in figure 4.10 shows its
behavior. The limit of this inaccuracy for large n, is
lim
n→∞∆C(tsd) =
1
(1 +
√
2)2
. (4.3.11)
Therefore, the maximum difference between the average concurrence and concurrence is of the order of
0.17C(0,Ψ0), which is much smaller than the difference with the usual upper bounds. Our results allow
us to state, that even though average concurrence dynamics generated with the quantum trajectories
formalism does not coincide exactly with concurrence, its behavior is still encouraging.
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Figure 4.10: Maximum discrepancy between concurrence and average concurrence
∆C(tsd) as a function of the number of photons in the thermal bath n. This maximum is
calculated through evaluation of the function ∆C(t) at the sudden death time tsd for each
number of photons.
Direct Monitoring
Since for this case the average concurrence do not coincide exactly with the concurrence, any experi-
mental setup obtained with the optimal unravelling will not be useful as a direct way to monitor the
concurrence of the system but like a method to bound from above the concurrence in the system. This
direct measure of the upper bound for concurrence is much more simpler and cheaper, computationally
speaking, than the usual measure through a tomography procedure.
For the optimal unravelling (4.3.4), the corresponding complex currents (3.2.7) for the measurement
record are given by,
Y1 dt = (
√
γ+ +
√
γ−)〈σ(1)− 〉c dt+ dξ1 ,
Y2 dt = (
√
γ+ +
√
γ−)〈σ(1)+ 〉c dt+ dξ2 ,
(4.3.12)
33
with upper indices indicating the subsystem where the operator act on. Following subsection 4.2.2,
the real currents to be measured in the laboratory are given by,
I1 dt =
√
γ+ +
√
γ−
2
〈σ(1)− + σ(1)+ 〉c dt+ dζ1 ,
I2 dt =
√
γ+ +
√
γ−
2
〈σ(1)+ − σ(1)− 〉c dt+ dζ2 .
(4.3.13)
Here, dζi are real, independent increments, corresponding to the detectors’ shot noise. The complex
currents (4.3.12) are recovered from these reals through
Y1 dt = (I1 dt− iI2 dt),
Y2 dt = (I1 dt+ iI2 dt) .
(4.3.14)
and Wiener noises given by,
dξ1 = dζ1(t)− idζ2(t), (4.3.15)
dξ2 = dζ1(t) + idζ2(t). (4.3.16)
Infinite Temperature limit
Infinite temperature and zero temperature cases are important limits of a thermal bath (Subsection
3.2.2). The last one was analyzed in detail in the previous subsection 4.2.1, where the dynamics of
entanglement was found to be unravelling independent. Here we continue with the model considered,
i.e., two two level systems initially entangled with one of them coupled to a bath of infinite temperature,
and study the behavior of the system with an infinite temperature bath by looking at the expressions
we just obtained for a general thermal environment in this limit. The Lindblad operators for this case
are obtained from Eq.(4.3.1) by taking the limit of infinite temperature n → ∞ simultaneously with
γ → 0 in such a way that γn→ Γ <∞. The result is
J =
(√
Γ(σ
(1)
− ⊗ 1),
√
Γ(σ
(1)
+ ⊗ 1)
)T
. (4.3.17)
The concurrence change Eq. (4.3.2) reduces for this case to:
dCΨ(t) =− Γ [1 + Re(u12)]CΨdt
− 2
√
ΓCΨRe [(ψ01ψ
∗
11 + ψ00ψ
∗
10)dξ1 + (ψ10ψ
∗
00 + ψ11ψ
∗
01)dξ2] .
(4.3.18)
• Concurrence Dynamics
Notice that in this case unravelling (4.3.4) still remains optimal. The time evolution of aver-
age concurrence is then
E[CΨ](t) = C(0,Ψ0)e
−2Γt, (4.3.19)
which differs from the result obtained through Wooters formula,
C(t) = C(0,Ψ0)e
−Γt [1− sinh(Γt)] . (4.3.20)
Once again the sudden death of entanglement events cannot be predicted in this limit by the
quantum trajectories approach. Average concurrence decays in an asymptotic way, while con-
currence dies at a finite time, tsd = ln[1 +
√
2]/Γ. Figure 4.11 shows the concurrence dynamics
obtained under these conditions as well as the average concurrence results we obtained. As for
the general case, even though the results differ, the concurrence average is clearly a much better
upper bound of concurrence than the Zhang et al. expression (2.3.3). Nevertheless, it is must be
said that this was foreseeable because of the relation found for the discrepancy between results
in the general case with finite temperature. The result found was a first contact with this limit
and it predicted that the maximum difference between average concurrence obtained through
quantum trajectories approach and concurrence to be C(tsd) =
1
(1+
√
2)2
.
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Figure 4.11: Concurrence behavior in a couple of qubits with one of them under incoherent
coupling to a T-infinity environment (solid lines). Time is rescaled as p = 1 − e−Γt.
The initial value of concurrence C(Ψ0) = 0.809 corresponds to the initial state |Ψ0〉 =(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8. Average concurrence (blue solid line) evaluated using
10000 trajectories does not coincide with the exact result (purple solid line). Also shown are
the corresponding upper and lower bounds of concurrence (purple dotted and dashed lines
respectively). The irregular lines represent the pure state concurrence along an individual
quantum trajectory for the chosen initial state.
4.4 Dephasing channel
Along the last two subsections we studied the effects of thermal environment on the concurrence of
2×2 systems. There, we used the quantum trajectories formalism to describe the concurrence dynam-
ics when one or both subsystems are coupled to amplitude damping, finite temperature and infinite
temperature baths. The result were encouraging. Our approach was shown to be an efficient method
providing an excellent upper bound for concurrence, and even returning, in some cases, the exact
concurrence evolution. To go ahead we now turn our attention to different kind of environments.
A dephasing channel models physical process where there is quantum decoherence but no loss of
energy, commonly found in, for example, superconducting qubits. This kind of noises was explained
carefully in subsection 3.2.3, where we mentioned that it does not affect populations but mixes coherent
superpositions of the basis states.
As in previous sections, our model consists of a 2 × 2 system in a initial general pure state, with
one or both qubits coupled in a independent way to a dephasing environment. In the first part of this
section we concentrate on the case in which just one of the qubits is coupled to a dephasing bath.
In the second part both qubits are under effects of independent dephasing baths with equal coupling
constants. In the last part the general case of both subsystems coupled to independent dephasing
baths with different coupling constants is studied.
4.4.1 Single subsystem coupled to an environment
Let us start with the case where only one qubit is coupled to a dephasing channel, suffering decoherence
with no loss of populations, while the other remains isolated (see figure 4.1). One Lindblad operator
describes the effects of the bath over the system,
J =
√
γ(σ
(1)
− σ
(1)
+ ⊗ 1); (4.4.1)
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the bath acts on the first qubit while the second one remains unaltered through an identity operator.
With this operator and the expression for change in concurrence Eq. (4.1.2), dCΨ is calculated:
dCΨ = −γ
4
CΨRe(1 + u11)dt+
√
γCΨRe(1− 2(|(ψ00|2 + |ψ01|2))dξ1. (4.4.2)
Notice that it depends on the unraveling through u11. The optimal unravelling generates, at each time
step, an optimal pure state decomposition that minimizes
E [dCΨ] = −γ
4
CΨRe(1 + u11)dt. (4.4.3)
Clearly, the optimal unravelling corresponds to the choice
u(opt) = u11 = 1, (4.4.4)
satisfying the normalization condition ||u(opt)|| = 1. The optimal unravelling is constant and time
independent, letting us derive a deterministic differential equation,
E [dCΨ] = −γ
2
CΨdt, (4.4.5)
which integrates to
E[CΨ](t) = C(0,Ψ0)e
− γ2 t , (4.4.6)
and coinciding with the exact dynamics of concurrence for the system obtained with Wotters’ formula
and consistent with results in [74].
In figure 4.12 we illustrate the average concurrence dynamics over an ensemble of 1000 trajectories for
this system as well as the exact dynamics of concurrence obtained analytically. The two curves can
not be distinguish one from the other.
It is remarkable that in this case too we have been able to find an optimal, time independent un-
ravelling describing the exact concurrence dynamics in the system .
4.4.2 Two subsystems independently coupled to environments with the
same coupling constant
Let us turn to study the case when both qubits are under effects of dephasing environments with
same coupling constants (see Fig. 4.3). Since each bath is independent from the other, the Lindblad
operators are given by,
J =
(√
γ(σ
(1)
− σ
(1)
+ ⊗ 1),
√
γ(1⊗ σ(2)− σ(2)+ )
)T
, (4.4.7)
where σ
(i)
− and σ
(i)
+ are de-excitation and excitation operators, respectively, acting on the ith qubit
and their tensor product wit the identity reveals the independence of the environments. Using these
operators to evaluate the concurrence change (4.1.2), we obtain
dCΨ =
γ
4CΨ
Re
[
4cΨ(ψ00ψ11 + ψ01ψ10)
∗u12 − C2Ψ(u11 + u22 + 2)
]
dt
+
√
γCΨRe
[
(1− 2(|ψ00|2 + |ψ01|2))dξ1 + (1− 2(|ψ00|2 + |ψ10|2))dξ2
]
.
(4.4.8)
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Figure 4.12: Concurrence behavior for a couple of qubits with one of them un-
der incoherent coupling to a dephasing environment. Time is rescaled as p = 1 −
e−γt. The initial concurrence C(Ψ0) = 0.809 corresponds to the initial state |Ψ0〉 =(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8. Average concurrence (blue solid line) evaluated using
1000 trajectories is unravelling independent and faithfully reproduces the exact result for
concurrence in the system (purple solid line). Also shown are the upper and lower bounds
found by usual methods (purple dotted and dashed lines respectively). Irregular line repre-
sents the pure state concurrence along individual quantum trajectory for the initial state.
Special cases
In order to obtain the optimal unravelling, as we have done previously, the ensemble average
E [dCΨ] =
γ
4CΨ
Re
[
4cΨ(ψ00ψ11 + ψ01ψ10)
∗u12 − C2Ψ(u11 + u22 + 2)
]
dt (4.4.9)
has to be minimized for all trajectories and times. Nevertheless, at first glance there is a special
case that simplifies the minimization, and we will consider it to introduce simpler cases instead of
attempting to find a general solution.
• Time independent unravelling
Consider the case when one of the initial state components is null. In that case Eq. (4.4.9)
simplifies, and can be expressed in two different ways depending on the initial state: (a) In case
ψ11(0) = 0 or ψ00(0) = 0, the average change in concurrence is given by
E [dCΨ] =
γ
4
CΨRe
[
4u12 − (u11 + u22 + 2)
]
dt, (4.4.10)
which is an expression that actually leads to more than one possible optimal unravelling, e.g.,
u11 = u22 = 0 and u12 = −1 or u11 = u22 = 1 and u12 = 0. (b) In case ψ10(0) = 0 or ψ10(0) = 0,
the average change in concurrence is then given by
E [dCΨ] =
γ
4
CΨRe
[
−4u12 − (u11 + u22 + 2)
]
dt, (4.4.11)
which also leads to more than one possible optimal unravelling, e.g., the ones considered in the
previous case, u11 = u22 = 1 and u12 = 0 or u11 = u22 = 0 and u12 = 1. Notice that these
optimal unravellings are not directly related with any specific component of the state, just like
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Figure 4.13: Concurrence dynamics for a couple of qubits under incoherent independent
coupling to a dephasing environments (solid lines). Time is rescaled as p = 1 − e−γt.
The graphic is obtained with initial state |Ψ0〉 =
(√
5 |11〉+ 2i |01〉 − |00〉) /√10 which
correspond to initial concurrence C(0,Ψ0) = 0.894. Average concurrence (blue solid line)
evaluated using 1000 trajectories unravelling independent faithfully reproduces the exact
result (purple solid line). Irregular line represents the pure state concurrence along indi-
vidual quantum trajectory for the initial state.
the effect of the noise over the system, which does not affect particular populations but just the
phases of the system.
• Concurrence dynamics
The mentioned time independent unravellings yield the deterministic differential equation
E [dCΨ] = γCΨdt (4.4.12)
for the system average concurrence. This can be integrated to obtain
E[CΨ](t,Ψ0) = C(0,Ψ0)e
−γt. (4.4.13)
Hence, the average dynamics for concurrence over the ensemble of trajectories for the considered
cases coincides exactly with the analytical expression for the system concurrence obtained solving
the master equation and using Wooter’s formula. In figure 4.13 we plot the entanglement dynam-
ics for the cases considered. Only average concurrence is plotted, but, as preciously mentioned,
this reproduces faithfully the exact concurrence dynamics of the system.
• Direct Monitoring
With the existence of more than one optimal unravelling there are more than one way to mea-
sure them in the laboratory. In particular, using the first optimal unravelling proposed, we can
prepare a quantum optical setup that generates the real currents for the case with only one
subsystem coupled to a thermal bath, Eq. (4.3.13).
What we should keep in mind is that we have found that even the concurrence dynamics is
unravelling dependent there could be several setups to measure it directly in lab, and this special
case is a great example for that situation.
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4.5 Depolarizing channel
To conclude this chapter, it is time to focus on the most general environment that we are interested
in, i.e., the depolarizing channel, which is in fact an important type of quantum noise because replaces
the quantum system state with a completely mixed state. The probability of replacement p = 1− e−γt
is related with the coupling constant γ between the system and the bath like it was described in 3.2.4.
The model considered is consistent with the one previously used in this section: a system with two
two-level subsystems initially entangled and in a general pure state. In this subsection the case when
only one of the subsystems is coupled to a depolarizing bath is analyzed.
4.5.1 Single subsystem coupled to an environment
Following our method, we consider the case when only one of the subsystems is coupled to a depolarizing
channel. The qubit-bath coupling strength is γ, and the Lindblad operators are given by,
J =
(√
γ
2
(σ(1)x ⊗ 1),
√
γ
2
(σ(1)y ⊗ 1),
√
γ
2
(σ(1)z ⊗ 1)
)T
, (4.5.1)
with σ
(1)
x/y/z the Pauli matrices acting on the first qubit, while the other subsystem remains untouched,
like the tensor product with the identity operators implies.
Using the Lindblad operators (4.5.1) and the change in concurrence (4.1.2), we evaluate the con-
currence change for this particular case,
dCΨ =− γ
4
CΨRe [3 + u11 + u22 + u33] dt
+
√
γCΨRe
[
−2Re(ψ00ψ∗10 + ψ11ψ∗01)dξ1 + 2Im(ψ00ψ∗10 + ψ01ψ∗11)dξ2
+ (|ψ00|2 − |ψ11|2 + |ψ01|2 − |ψ10|2)dξ3
]
.
(4.5.2)
Time independent unravelling
We now turn to look for the optimal unravelling, considering the minimization of the ensemble average
of the concurrence change,
E [dCΨ] = −γ
4
CΨRe [3 + u11 + u22 + u33] dt. (4.5.3)
This expression depends on the unravelling through u11, u22 and u33. The optimal unravelling is easily
determined,
u(opt) =
 1 0 00 1 0
0 0 1
. (4.5.4)
Concurrence dynamics
The optimal unravelling found is actually time independent. Because of that, it is possible to consider
the deterministic equation obtained once (4.5.4) is replaced in (4.5.3),
E[dCΨ] = −3
2
γE [CΨ] dt, (4.5.5)
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Figure 4.14: Concurrence and average concurrence dynamics of a couple of qubits with
one of them under incoherent coupling to a depolarizing environment (purple and blue solid
lines respectively). Time is rescaled as p = 1 − e−γt. Their initial value of concurrence
C(Ψ0) = 0.809 corresponds to the initial state |Ψ0〉 =
(√
5i |11〉 − |10〉+ i |01〉+ |00〉) /√8.
Average concurrence (blue solid line) has been evaluated using 1000 trajectories with the
optimal unravelling. It is shown the correspondent upper and lower bounds (purple dotted
and dashed lines respectively). Irregular line represents the pure state concurrence along
individual quantum trajectory for the initial state.
which integrates to
E[CΨ](t,Ψ0) = C(0,Ψ0)e
− 32γt. (4.5.6)
However, for this case, the ensemble average concurrence dynamics obtained with the quantum trajec-
tories approach does not correspond to the analytical result,
C(t,Ψ0) = C(0,Ψ0)
1
2
(−1 + 3e−γt) , (4.5.7)
coming from the Wooter’s formula and the solution of the master equation. Equation (4.5.7) predicts
the sudden death of entanglement at a time given by tsd = ln(3)/γ, independently of the initial pure
state, yet our result (4.5.6) only vanishes asymptotically. Figure 4.14 shows a comparison between the
dynamics obtained through the approach of quantum trajectories and the known analytical solution,
the difference is evident, just like the improvement of our result on the most frequently used upper
bound.
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Chapter 5
Common bath systems
In the last chapter, we studied in great detailed the entanglement loss of a system due to the coupling of
its subsystems to external independent baths. Nevertheless, we can imagine a different scenario and the
possibility to create, instead of destroy, entanglement. If a external reservoir is shared among the sub-
systems, it can provide an indirect coupling between them and serve as a mechanism to correlate them
[78, 79, 80]. This phenomenon has been analyzed in the Markovian [78, 79, 80] and non-Markovian
[81] regimes with exactly solvable methods [78], and the entanglement power of the bath stablished [78].
The relevance of this kind of coupling resides in its power to create, revive and keep a minimal amount
of entanglement in the system even under decoherence. In regards to this problem the quantum tra-
jectory approach offers the possibility to follow the entanglement dynamics in the system and provides
a complete characterization of it. In this chapter, we then use a quantum trajectories to study a 2× 2
system whose subsystems are sharing a common bath (see figure 5.1). The system is initially in a
general pure state |Ψ0〉 = ψ00 |00〉+ ψ01 |10〉+ ψ10 |10〉+ ψ11 |11〉, and we present results for the case
of an amplitude damping environment.
Figure 5.1: Two qubits initially entangled (t < 0) and prepared in a general pure state
|Ψ0〉 = ψ00 |00〉 + ψ01 |10〉 + ψ10 |10〉 + ψ11 |11〉. Both of them are coupled to the same
common bath with coupling constant γ (t ≥ 0).
5.1 Amplitude Damping channel
We concentrate on the case of a 2 × 2 system for which both subsystems are coupled to a common
amplitude damping bath (see subsection 3.2.2). This particular case was studied before [74] using
quantum trajectories based on quantum jumps. In that work the authors showed the existence of
special initial states for which the average concurrence evolution coincide with the evolution of con-
currence, including the revival of entanglement events. Here, using a quantum diffusive trajectories,
we are able to extend the set of initial states for which the approach works correctly.
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Lets first consider the Lindblad operators that describe the coupling effects of the bath over the
subsystems,
J =
√
γ
[
(σ
(1)
− ⊗ 1) + (1⊗ σ(2)− )
]
. (5.1.1)
The sharing of the bath is clearly illustrated by the sum of the two independent operators acting locally
on each subsystem. Following the prescription we have already established for our method, the change
in concurrence for the system is obtained using the above Lindblad operator,
dCΨ =
[
−γCΨ + 2γRe
(
cΨψ
∗2
11
CΨ
u11 − cΨ
2CΨ
(ψ∗201 + ψ
∗2
10)
)]
dt
− 2√γCΨRe [((ψ10 + ψ01)ψ∗11 + (ψ10 + ψ01)∗ψ00) dξ1] .
(5.1.2)
The change in concurrence depends on the unravelling only through the component u11 of the unrav-
elling matrix.
Unravelling concurrence
With expression (5.1.2), we proceed to take the average over all the realizations, and to obtain an
expression for the unravelling matrix for all trajectories and all times:
E [dCΨ] =
[
−γE [CΨ] + 2γRe
(
E
[
cΨψ
∗2
11
CΨ
u11 − cΨ
2CΨ
(ψ∗201 + ψ
∗2
10)
])]
dt. (5.1.3)
After the minimization of (5.1.3), the optimal unravelling found coincides with the expression for u12
obtained for the amplitude damping case with both subsystems coupled independently treated in the
previous chapter (see Eq. (4.2.9)):
u(opt) = −eiθopt , (5.1.4)
with θopt = arg(c
∗
Ψψ
2
11).
Time dependent unravelling
As opposed to the case of independent environments, the optimal unravelling found in this case is time
dependent. The unravelling is determined by the phase of ΘΨ ≡ c∗Ψψ211, for which, in its Itoˆ form, the
stochastic equation of motion is,
dΘΨ =
[
2γ|ψ11|4u11 − γψ211(ψ∗201 + ψ∗210) + ΘΨRe(fΨ)
]
dt+ ΘΨRe(g
T
Ψdξ
∗) ,
where
fΨ = −3γ + 2γ| 〈J1〉Ψ |2 + 2γ 〈J1〉2Ψ u11
and
gΨ = (−4γ 〈J〉Ψ),
an equation that depends on the unravelling. Upon substitution of u(opt), it reduces to
dΘΨ = ΘΨRe(f˜Ψ dt+ g
T
Ψdξ)− γψ211(ψ∗201 + ψ∗210)dt , (5.1.5)
with
f˜Ψ = −2γ|ψ11|
2
CΨ
− 3γ + 2γ| 〈J1〉Ψ |2 − 4γ 〈J1〉2Ψ eiθopt ,
a new function of the state. The extra term
χ ≡ −γψ211(ψ∗201 + ψ∗210) = ΘΨ
(
γ
cΨ
CΨ
(ψ∗201 + ψ
∗2
10)
)
,
can not be guaranteed to be real, and therefore imposes a condition over the time dependency of ΘΨ
and in turn over the optimal unravelling.
42
Concurrence dynamics
Under some specific conditions on χ, it is possible to warrant that the phase of ΘΨ is determined by
the initial state and then that the unravelling is time independent. When time independence occurs,
a deterministic differential equation for the average concurrence can be determined.
Let us consider one of these possible conditions:
• We concentrate on initial states with at must a single excitation, i.e., states with ψ11(0) = 0. It
can be checked that for these states ψ11(t) = ψ11(0)e
−γt = 0, and therefore ΘΨ is null for all
times leading to a change in concurrence that is unravelling independent. This condition was
already considered in [74] where the authors constrained themselves to unravellings corresponding
to only local measurements (like this case), and concluded that “for any initial state containing
at most one excitation (i.e., such that ψ11(0) = 0), the average concurrence coincides at all times
with the concurrence for the density matrix”. Using our approach this result is also obtained.
The deterministic differential equation for average concurrence in this case is then given by
E [dCΨ] =
[
−γE [CΨ]− γ
4E [CΨ]
(|ψ10 + ψ01|4e−4γt − |ψ10 − ψ01|4)] dt. (5.1.6)
We now notice that Re
(
E
[
(|ψ01|2ψ10ψ∗01 + |ψ10|2ψ∗10ψ01)
])
= (|ψ+(0)|4e−4γt − |ψ−(0)|4)/4,
where ψ+(0) ≡ ψ10(0) + ψ01(0) and ψ−(0) ≡ ψ10(0)− ψ01(0). And we can write
E [CΨ] (t,Ψ0) =
1
2
√
|ψ−(0)|4 + |ψ+(0)|4e−4γt − (|ψ−(0)|4 + |ψ+(0)|4 − 4C(0,Ψ0)2)e−2γt,
(5.1.7)
which coincides with the concurrence of the system,
C(t,Ψ0) =
1
2
|ψ2− − ψ2+e−2γt|
=
1
2
√
|ψ−(0)|4 + |ψ+(0)|4e−4γt − 2Re(ψ+(0)2ψ−(0)∗2)e−2γt,
(5.1.8)
since |ψ−(0)|4 + |ψ+(0)|4 − 4C(0,Ψ0)2 = 2Re(ψ+(0)2ψ−(0)∗2) with C(0,Ψ0) = |ψ2+ − ψ2−|/2.
In figure 5.3 we show the entanglement dynamics for two different initial states. In one case, the
concurrence goes to zero at a finite time, while in the other case it saturates. The condition for a
sudden death of entanglement followed by a immediate revival, is that arg(ψ10) = arg(ψ01) [74].
Under this condition, the time of sudden death is calculated to be tsd = γ
−1ln(|ψ+/ψ−|).
In the last case we found a deterministic equations for the average concurrence and chose particular
conditions to have coincidence with the concurrence of the system. More generally, it is possible to
consider initial pure states for which this conditions are not satisfied. In figure 5.3, we illustrate the
results obtained for two different initial states chose in such a way that one of them presents a late
revival of entanglement while the other not even die. Upper and lower bounds have been plotted for
both cases showing that although average concurrence dynamics do not reproduce concurrence dynam-
ics, it is an excellent upper bound for both cases, improving considerably on the usual ones. The inset
shows the dynamics of the optimal phase for one trajectory, which, as we expected, is not a constant.
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Figure 5.2: Time evolution of concurrence for initial states |Ψ0〉 = (eipi/4 |01〉+2 |10〉)/
√
5
(solid purple line) and |Ψ0〉 = (|01〉+ 2 |10〉)/
√
5 (solid orange line) under incoherent cou-
pling to a zero temperature shared environment. Time is rescaled as p = 1 − e−γt. Both
states have the same initial concurrence C(0,Ψ0) = 0.8. The average concurrences eval-
uated using 1000 trajectories with an optimal unravelling faithfully reproduces the exact
result (cf. Eq. (5.1.8)). Irregular lines represent the pure state concurrence along indi-
vidual quantum trajectories for each initial state. The inset shows the time evolution of
θ = arg(c∗Ψψ
2
11) along these individual trajectories.
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Figure 5.3: Time evolution of concurrence (purple and orange lines) for a system 2 × 2
under incoherent coupling to a zero temperature shared environment. Time is rescaled as
p = 1 − e−γt. The average concurrences were evaluated using 1000 trajectories with an
optimal unravelling (blue and red lines). The initial states are: |Ψ0〉 = (|00〉−|01〉+i |10〉+√
5 |11〉)/√8 (solid purple and blue lines) |Ψ0〉 = (7i |11〉 + 2 |00〉)/
√
53 (solid orange and
red lines) which corresponds to an initial concurrence C(0,Ψ0) = 0.8 and C(0,Ψ0) = 0.528,
respectively. The inset shows the time evolution of θ = arg(c∗Ψψ
2
11) along these individual
trajectories. Upper and lower bounds correspond to dotted and dashed lines respectively.
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Chapter 6
Quantum Trajectories and State Preparation
Until now, this work has been focused in finding the optimal way to measure the baths coupled to
the subsystems, such that, the average concurrence coincides with the concurrence of the system, or
at least, behaves like an excellent upper bound. Nevertheless, these measurement procedures can be
used like protection schemes that maximize the amount of average entanglement on the system, or
that reduce the variance of the statistics of entanglement of pure states. These cases can be analyzed
with the quantum trajectories approach, conditioning the optimal unravellings to those that maximize
the change in concurrence or that minimize the second moment of concurrence. These conditions will
generate special pure states ensembles with maximum average entanglement or with a minimum range
of possible values of concurrence.
It is important to notice that this chapter such as previous ones will indicate precisely what are
the maximum and minimum values of average concurrence in which a system 2× 2 could be prepared,
through diffusive unravellings. These aspect must be highlighted because, this information would
permit to the experimentalist to know the range of values in which he could prepare the average con-
currence of the ensemble in lab.
In this chapter we shall consider several of the previous systems exposed but now from the perspective
of state preparation with the conditions described. We will look for optimal unravellings that generate
the highest mean entanglement realizable through the optimization of Concurrence of Assistance. And
we will look for unravellings that minimize the second moments of concurrence statistics, which are
related with the optimization of the change in Entanglement of Formation.
6.1 Optimization of Concurrence of Assistance
Concurrence of assistance is defined as the highest possible average concurrence that an assistant party
can create between two other parties by reducing the total state of the system with a local measure-
ment (see subsection 2.2.2). This definition relates naturally with our approach. We can use quantum
trajectories to find the realizable highest value of average of concurrence optimizing over unravellings
to find the fastest increasing change of concurrence. Suiting the idea proposed in [18] for this kind of
measure, we can warrant the preparation of pure states ensembles with the highest realizable average
concurrence. We have find that in some cases the average concurrence obtained coincides with the
system’s concurrence of assistance. In other cases, though, the physically realizable ensembles that
could be prepared do not have the highest possible value of concurrence, or concurrence of assistance.
In this section we follow the same structure we use in previous chapters: we study 2 systems cou-
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pled to amplitude damping channels, thermal baths, dephasing channels and depolarizing channels
with one or both subsystems coupled to independent or shared reservoirs. We calculate the analytical
concurrence of assistance for four different kind of noisy channels with Eq. (2.2.10) in order to com-
pare them with the expression that generates the optimal unravelling which maximize the change of
concurrence.
6.1.1 Factorization Law for Concurrence of Assistance
In the following, we will need to calculate analytical expressions for concurrence of assistance starting
from the solution of the master equation to compare with our results. In particular, for cases with
local coupling, i.e., with only one of the subsystems coupled, we have extended the result obtained in
[16] and [82], in order to simplify the procedure. We have gotten that for 2 × 2 systems, with one of
the subsystems under local action of a noisy channel, the concurrence of assistance is independent of
the pure initial state |Ψ0〉 (appendix E):
CA
(
(1ˆ⊗ εˆ) |Ψ0〉 〈Ψ0|
)
= C(0,Ψ0)CA
(
(1ˆ⊗ εˆ) |Φ+〉 〈Φ+|) . (6.1.1)
with |Φ+〉 = (|00〉+ |11〉)/√2 a maximally entangled state. This result allows us to constrain ourselves
to calculate the dynamics of a maximally entangled state instead of a general pure state, and compare
it with the average concurrence of assistance behavior obtained optimizing the quantum trajectories
approach.
6.1.2 Amplitude Damping Channel
Single subsystem coupled to an environment
In section 4.2.1 the entanglement dynamics in this limit was shown to be unravelling independent.
Moreover, we found the integrated evolution from the quantum trajectories approach generates the
exact concurrence dynamics: E[C](t,Ψ0) = C(0,Ψ0)e
− 12γt. Because of the unravelling independence
of this expression, it is exactly the same for concurrence of assistance E[CA](t,Ψ0). A comparison with
the analytical expression using Eq. (6.1.1) and the solution of the master equation,
CA(t,Ψ0) = C(0,Ψ0)e
− γt2 , (6.1.2)
reveals that these expressions coincide exactly. This means that any possible local measurement over
this kind of systems will generate the highest average possible of concurrence, and this average coincides
with concurrence too. Hence, for this case, concurrence and concurrence of assistance re equivalent.
The figure 4.2 shows the concurrence of assistance dynamics for this case.
Two subsystems independently coupled to environments with the same coupling constant
Concurrence for this case of independent baths and same coupling constants is given in Eq.(4.2.7), it
depends on the u12 unravelling matrix component. We focus on the concurrence of assistance evolution,
then the unravelling matrix that maximize the trajectories ensemble average change in concurrence
(4.2.8) is given by,
u(opt) =
(
0 eiθ
eiθ 0
)
. (6.1.3)
with θ = Arg(c∗Ψψ
2
11) a time independent phase. From Eq.(4.2.8) and Eq.(6.1.3), the average concur-
rence change over all the possible trajectories is given by,
E[dCA(Ψ)] =− γE[CΨ] + 2γE[|ψ11|2]. (6.1.4)
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Figure 6.1: Time evolution of concurrence of assistance (purple and orange solid lines) for
a system 2× 2 under incoherent coupling to zero temperature independent environments.
Time is rescaled as p = 1 − e−γt. The average concurrence of assistance evaluated using
1000 trajectories with an optimal unravelling have been plotted too (blue and red lines).
The initial states considered are: |Ψ0〉 = (i
√
5 |00〉 − |01〉 + i |10〉 + |11〉)/√8 (purple and
blue lines) and |Ψ0〉 = (|00〉−|01〉+ i |10〉)/
√
3 (orange and red lines) with respective initial
concurrences: C(0,Ψ0) = 0.809 and C(0,Ψ0) = 0.667. Irregular lines represent the pure
state concurrence along individual quantum trajectories for each initial state.
Integration leads to the exponential evolution
E[CA(Ψ)](t,Ψ0) = e
−γt [C(0,Ψ0) + 2|ψ11(0)|2 (1− e−γt)] , (6.1.5)
which, in general, does not coincides with the exact dynamics of concurrence of assistance for this
system given by
CA(t,Ψ0) =e
−γt
[
2|ψ11(0)|2
(
1− e−γt)+√C(0,Ψ0)2 + 4|ψ11(0)|4 (1− e−γt)2]. (6.1.6)
There are, however, some initial states for which both results coincide, i.e., states with at most one
excitation in the system, ψ11 = 0, and the concurrence of assistance of the systems lies constant for
all times coinciding with the initial concurrence.
Figure 6.1 shows the evolution of concurrence of assistance and average concurrence of assistance for
two different initial states. The states have been chosen to compare the results in cases when average
concurrence of assistance dynamics does reproduce faithfully the concurrence of assistance dynamics
of the system and when it does not. The results correspond to the maximal average concurrence that
an ensemble of pure states can be prepared in. Direct monitoring given by (6.1.8), in conjunction with
the experimental setup shown in figure 4.5, and θ = −θopt − pi/2, prepares those realizable ensemble
of system states.
Two subsystems coupled to independent environments with different coupling constants
Let us now focus on the analysis of the case with different coupling constants to the baths. The average
entanglement dynamics for this case is given by Eq. (4.2.20), which depends on the unraveling matrix
through the u12 component. Maximizing the average over the ensemble of trajectories Eq. (4.2.21),
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which is the necessary condition to obtain the highest mean value, the unravelling matrix is given by,
u(opt) =
(
0 eiθ
eiθ 0
)
, (6.1.7)
with θ = Arg(c∗Ψψ
2
11) the same time independent phase that we have obtained previously for cases with
coupling with amplitud damping baths. From Eq. (4.2.21) and Eq. (6.1.7), the average concurrence
change over all the possible trajectories is given by,
E[dCA(Ψ)] =− γ1 + γ2
2
E[CΨ] + 2
√
γ1γ2E[|ψ11|2]. (6.1.8)
Taking into account the time independency of the unravelling matrix, integration leads to the expo-
nential evolution
E[CA(Ψ)](t,Ψ0) = e
− γ1+γ22 t
[
C(0,Ψ0) + 4
√
γ1γ2
γ1 + γ2
|ψ11(0)|2
(
1− e− γ1+γ22 t
)]
, (6.1.9)
which, once again, except for cases with ψ11(0) = 0, does not coincides with the exact dynamics of
concurrence of assistance for this system,
CA(t,Ψ0) =e
− γ1+γ22 t
[
2|ψ11(0)|2
√
(1− e−γ1t) (1− e−γ2t)
+
√
C(0,Ψ0)2 + 4|ψ11(0)|4 (1− e−γ1t) (1− e−γ2t)
]
.
(6.1.10)
The plots in figure 6.2 show the evolution of concurrence of assistance (solid purple and blue lines)
and average concurrence of assistance (solid orange and red lines) over a ensemble of 1000 trajectories
for two different initial states. We present results for four different coupling constants ratio r = γ1/γ2:
(a) r = 0.2, (b) r = 0.4, (c) r = 0.6 and (d) r = 0.8. From the figure the increasing difference between
concurrence of assistance and average concurrence can be perceived. However, in order to protect the
amount of entanglement through diffusive unravellings the values obtained for the average concurrence
must be considered. The value of concurrence of assistance for this kind of systems is not realizable,
at least not with the kind of diffusive unravellings we are using here.
6.1.3 Thermal Channel
Single subsystem coupled to an environment
We show for this case that the concurrence change depends on the unravelling through the element u12
of the unravelling matrix, and the optimal one is given by (4.3.4). Nevertheless, as we are interested
in analyze the evolution of concurrence of assistance, it is necessary to change the sign to this matrix
in order to obtain the maximal possible change, that is:
u(opt) =
(
0 −1
−1 0
)
. (6.1.11)
From Eqs.(4.3.2) and (6.1.11), the average concurrence change over all the possible trajectories is
E[dCA(Ψ)] = −
(
1
2
(γ− + γ+)−√γ−γ+
)
E [CΨ] dt. (6.1.12)
This integrates in time to
E[CΨ](t,Ψ0) = C(0,Ψ0)e
− 12 (
√
γ−−√γ+)2t, (6.1.13)
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Figure 6.2: Concurrence of assistance dynamics for a 2× 2 system with each subsystem
under amplitude damping effects with coupling constants γ1 and γ2 to their independent
baths. Time rescaled as p = 1 − e− γ1+γ22 t. The initial states considered are: |Ψ0〉 =
(i
√
5 |00〉 − |01〉 + i |10〉 + |11〉)/√8 (purple and blue lines) and |Ψ0〉 = (|00〉 − |01〉 +
i |10〉)/√3 (orange and red lines) with respective initial concurrences: C(0,Ψ0) = 0.809
and C(0,Ψ0) = 0.667. The plots show the exact result for concurrence concurrence of
assistance (cf. (6.1.10)) (solid purple and orange lines) and through quantum trajectories
approach (solid blue and red lines). The figure include the dynamics obtained with different
coupling constant relation between the baths r = γ1/γ2: (a) r = 0.2,(b) r = 0.4,(c) r = 0.6
and (d) r = 0.8. The irregular lines represent the pure state concurrence along an individual
quantum trajectory for the initial state and each case.
and does not coincide with the analytical result obtained,
CA(t,Ψ0) =
C(0,Ψ0)
γ+ + γ−
[√
γ+γ−(1− e−(γ++γ−)t) +
√
(γ+ + γ−e−(γ++γ−)t)(γ+e−(γ++γ−)t + γ−)
]
.
(6.1.14)
A comparison between the two in the limit of large times, one finds that concurrence of assistance
saturates to the value limt→∞ CA(t) = 2C(0,Ψ0)
√
γ+γ−/(γ+ + γ−) while the average concurrence
decays asymptotically to zero. However, as n increases, in this limit the average concurrence of
assistance tends to C(0,Ψ0). Plots in figure 6.3 shows how the average concurrence tends to the
concurrence of assistance for higher number of excitations. With the unravelling in (6.1.11), in the limit
of infinite temperature we can predict that the average concurrence will coincide with the concurrence
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Figure 6.3: Time evolution of concurrence of assistance (purple and orange solid lines) for
a system 2× 2 under incoherent coupling of one subsystem to a thermal bath with number
of photons n = 1 (a), n = 3 (b), n = 20 (c) and n = 100 (d) (time has been rescaled as
p = 1− e−nγt). The initial states considered are: |Ψ0〉 = |Φ+〉 = (|00〉+ |11〉)/
√
2 (purple
and blue lines) and |Ψ0〉 = (
√
5 |00〉 − |01〉+ i |10〉+ |11〉)/√8 (orange and red lines) with
respective initial concurrences: C(0,Ψ0) = 1 and C(0,Ψ0) = 0.809. The irregular lines
represent the pure state concurrence along an individual quantum trajectory for the initial
state and each case. These results were obtained with 2000 trajectories for cases with n = 1
and n = 3 and 10000 trajectories with n = 20 and n = 100, their change ensures resolution
and accuracy in results.
of assistance.
• T-infinity case
According to (4.3.18), the change in concurrence depends with u12, and the optimal unraveling
is given by (6.1.11). The average concurrence change over all the possible trajectories is then
given by,
E[dCA(Ψ)] = 0dt. (6.1.15)
The integrated expression for concurrence evolution E[CA(Ψ)](t,Ψ0) = C(0,Ψ0) coincides ex-
actly with the one calculated analytically using Eq.(6.1.1): CA(t,Ψ0) = C(0,Ψ0). Thus, in this
case, independently of the initial state, through diffusive unravellings the concurrence of the sys-
tem can be completely protected for all times. As a matter of fact, in case the initial concurrence
is C(0,Ψ0) = 1, each trajectory keeps this value of concurrence for all times, since concurrence
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Figure 6.4: Time evolution of concurrence of assistance (purple and orange solid lines)
for a system 2 × 2 under incoherent coupling of one subsystem to infinite temperature
independent environment (time is rescaled as p = 1 − e−γt). The average concurrence of
asistance evaluated using 1000 trajectories with an optimal unravelling have been plotted
too (blue and red lines). The initial states considered are: |Ψ0〉 = |Φ+〉 = (|00〉+ |11〉)/
√
2
(purple and blue lines) and |Ψ0〉 = (
√
5 |00〉−|01〉+ i |10〉+ |11〉)/√8 (orange and red lines)
with respective initial concurrences: C(0,Ψ0) = 1 and C(0,Ψ0) = 0.809. Irregular lines
represent the pure state concurrence along individual quantum trajectories for each initial
state.
for pure states can not be larger than 1. Hence each realization of this unravelling protects
concurrence and keep it maximal.
In figure 6.4 we show our results for two different initial states: The first one, |Ψ0〉 = |Φ+〉 =
(|00〉+ |11〉)/√2, is a maximally entangled state for which average concurrence over an ensemble
of 1000 trajectories, concurrence of assistance and concurrence for one trajectory coincide for
all times. The second state is |Ψ0〉 = (
√
5 |00〉 − |01〉 + i |10〉 + |11〉)/√8 for which just average
concurrence over the same number of trajectories and concurrence of assistance coincide for all
times, while concurrence for one trajectory does not for long times. Although for just one real-
ization the average concurrence is not exact for non-maximally initially entangled pure states,
the unravelling found works like an excellent protector for concurrence in this case.
6.1.4 Dephasing channel
Single subsystem coupled to an environment
Let us turn to the case of a dephasing channel, with one of the systems coupled in a independent way
to it. We showed that the average change in concurrence for this case is given by equation (4.4.5). The
optimal unravelling which maximize the average change in concurrence is:
u(opt) = −1. (6.1.16)
Replacement of (6.1.16) in (4.4.5) leads to
E[dCA(Ψ)] = 0dt, (6.1.17)
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Figure 6.5: Time evolution of concurrence of assistance (purple and orange solid lines)
for a system 2 × 2 under incoherent coupling of one subsystem to dephasing independent
environment. Time is rescaled as p = 1 − e−γt. Average concurrence of assistance is
evaluated using 1000 trajectories (blue and red lines). The initial states considered are:
|Ψ0〉 = |Φ+〉 = (|00〉 + |11〉)/
√
2 (purple and blue lines) and |Ψ0〉 = (
√
5 |00〉 − |01〉 +
i |10〉+ |11〉)/√8 (orange and red lines) with respective initial concurrences: C(0,Ψ0) = 1
and C(0,Ψ0) = 0.809. Irregular lines represent the pure state concurrence along individual
quantum trajectories for each initial state.
which integrates over time to
E[CA(Ψ)](t,Ψ0) = C(0,Ψ0). (6.1.18)
Then, the mean concurrence coincides exactly with the analytical expression obtained from Eq. (6.1.1)
for this case:
CA(t,Ψ0) = C(0,Ψ0). (6.1.19)
The result found is independent of the initial state and protects concurrence for all times. We notice
that in particular in case the initial state is maximally entangled the protection of the state takes place
in a single trajectory. In figure 6.5 we display results for this case and two different initial states, one
of them maximally entangled. This result is similar to the one obtained in last section for the coupling
of one subsystem to a infinite temperature bath, the differences are just with the individual trajectory
for the general state.
6.1.5 Depolarizing channel
Single subsystem coupled to an environment
The average change of concurrence for this case is given by Eq.(4.5.3). Therefore the optimal unravelling
that maximize this change, minimal requirement to obtain concurrence of assistance, and protect the
state is:
u(opt) =
−1 0 00 −1 0
0 0 −1
. (6.1.20)
Replacing (6.1.20) in (4.5.3), the deterministic differential equation to solve for the average concurrence
dynamics is
E[dCA(Ψ)] = 0dt. (6.1.21)
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Figure 6.6: Time evolution of concurrence of assistance (purple and orange solid lines)
for a system 2× 2 under incoherent coupling of one subsystem to depolarizing independent
environment. Time is rescaled as p = 1 − e−γt. The average concurrence of assistance
evaluated using 1000 trajectories with an optimal unravelling (blue and red lines). The
initial states considered are: |Ψ0〉 = |Φ+〉 = (|00〉 + |11〉)/
√
2 (purple and blue lines) and
|Ψ0〉 = (
√
5 |00〉 − |01〉 + i |10〉 + |11〉)/√8 (orange and red lines) with respective initial
concurrences: C(0,Ψ0) = 1 and C(0,Ψ0) = 0.809. Irregular lines represent the pure state
concurrence along individual quantum trajectories for each initial state.
Integration then leads to
E[CA(Ψ)](t,Ψ0) = C(0,Ψ0), (6.1.22)
which coincides exactly with the analytical expression for concurrence of assistance obtained in (6.1.1),
CA(t,Ψ0) = C(0,Ψ0).
We found for this case a way to measure the bath to protect the average concurrence of the system.
The dynamics keep the initial value of concurrence for all times, and as we have seen in last chapters,
this unravellling keeps concurrence even for one trajectory if the initial state is maximally entangled.
Considering that the depolarizing noise is the most general and destructive of coherences in a sys-
tem, the measurement strategy we found, which is time independent, is an excellent way to prepare
ensembles of highly entangled states.
We show in figure 6.6 the dynamics obtained for two different initial states, one of them maximally
entangled. We plot average concurrence and concurrence of assistance and observe that the first one
reproduces in a exact manner the second one. For the initial state maximally entangled the dynamics
generated for one trajectory is undistinguishable of concurrence of assistance.
6.2 Optimization of Entanglement of Formation
In section 2.2, entanglement of formation was introduced as a measure of entanglement in close relation
with concurrence. Because of this relation it can be easily shown that the stochastic change in the
entanglement of formation along a quantum trajectory depends on the first and second moments of
concurrence. The first part of this subsection is dedicated to present this change.
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First moment of concurrence distribution was optimized in last subsection, looking for highest mean,
now we focus in optimize the second moment to warrant the pure states ensemble, prepared through
measurements in the laboratory, with the smaller variance.
The cases considered correspond to those ones when only one of the subsystem is coupled to the
environment.
6.2.1 Entanglement increment
Entanglement of Formation Increment
This increment for 2×2 systems, can be easily calculated using the Hill-Wootters redefinition of en-
tanglement of formation in terms of concurrence, Eq.(2.2.5), and the concurrence increment (4.1.2)
(Appendix F),
dEF (Ψ) = AE dCψ +BE dCψdCψ
=
1
CΨ
Re [W (Ψ) +Gkl(Ψ)ukl] dt+
2
CΨ
Re
[(
cΨ 〈J˜k〉Ψ − C2Ψ 〈Jk〉Ψ
)
dξk
] (6.2.1)
with,
W (Ψ) = −AEcΨ 〈J˜†kJk〉Ψ + | 〈J˜k〉Ψ |2 (AE + 2BECΨ)− 2BECΨ
(
2cΨ 〈J†k〉Ψ 〈J˜k〉Ψ − C2Ψ| 〈Jk〉Ψ |2
)
,
Gkl(Ψ) = AEcΨ 〈J†k(σy ⊗ σy)Jl〉Ψ − c
2
Ψ
C2Ψ
〈J˜k〉Ψ 〈J˜l〉Ψ (AE − 2BECΨ)
+2BECΨ
(
C2Ψ 〈Jk〉Ψ 〈Jl〉Ψ − cΨ(〈Jl〉Ψ 〈J˜k〉Ψ + 〈Jk〉Ψ 〈J˜l〉Ψ)
)
,
AE = −
[
CΨ√
1−C2Ψ
log2
(
1−
√
1−C2Ψ
CΨ
)]
BE = − 1√
1−C2Ψ
[
1
ln 2 +
1√
1−C2Ψ
log2
(
1−
√
1−C2Ψ
CΨ
)]
.
This increment was used to calculate the optimal unraveling for the cases previously analized. Those
results were compared with the analytical solution obtained from applying Eq.(2.2.5) to the concurrence
analytical solution.
6.2.2 Amplitude Damping channel
Single subsystem coupled to an environment
Let us star by looking at a 2 × 2 system with one of the subsystems coupled independently to an
amplitude damping bath and prepared in a general pure state. Using (6.2.1), we obtain the change in
entanglement of formation,
dEF (Ψ) =Re
(
−AE γ
2
CΨ + 8BEγC
2
Ψ(ψ
∗
00ψ01 + ψ
∗
10ψ11)
2 u11 + |ψ∗00ψ01 + ψ∗10ψ11|2
)
dt
− 2AE√γCΨRe((ψ∗00ψ01 + ψ∗10ψ11)dξ1).
(6.2.2)
The dynamics of average concurrence for this kind of system was found unravelling independent, nev-
ertheless entanglement of formation change is not. This indicates that it is necessary to restrict the
way to measure in order to prepare an ensamble of pure states with a small variance in the distribution
of concurrence.
One can, however, find some initial states for which the entanglement of formation is also unravelling
independent, e.g., Bell states (2.1.1).
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Figure 6.7: Entanglement of formation evolution for a couple of qubits with one of
them under incoherent coupling to a zero temperature environment (blue solid line),
time is rescaled as p = 1 − e−γt. The initial state of the system is a Bell state
|Ψ0〉 = (|11〉+ |00〉) /
√
2 corresponding to a value of concurrence C(0,Ψ0) = 1. Aver-
age entanglement of formation evaluated using 1000 trajectories. Inset presents the phase
evolution of the optimal unravelling θopt. Upper and lower bounds are plotted to compar-
ison effects (dotted and dashed purple lines respectively)
• Special initial states
In case the initial state is a Bell state, the average change of entanglement of formation reduces
to
E[dEF ](Ψ) = −γ
2
E [AECΨ] dt (6.2.3)
which is an unravelling independent expression. In figure 6.7 the results for this case, as well as
the upper and lower Bounds obtained through (2.3.1), (2.3.3) and (2.2.5) are displayed. Although
average entanglement of formation is not the entanglement of formation of the system, it is an
excellent upper bound of it. It is relevant to highlight in this case that the quantum trajectories
approach worked well for concurrence but not for entanglement of formation. Nevertheless, the
result obtained work as an excellent upper bound, as can be seen in figure 6.9.
As we are looking for the ensemble of trajectories with the smallest variance in the probabil-
ity distribution of concurrence, unravelling independence is understood as the impossibility to
reduce it through measurements in the laboratory. The way to directly measure concurrence
experimentally with a large ensemble of trajectories is not restricted, but neither are we able to
reduce the variance of the distribution around the mean.
• General initial pure states
Now we take a look into general kind of initial pure states. The average change in concurrence
is given by,
E[dEF ](Ψ) =− γE
[
CΨRe
(
−AE
2
+ 8BECΨ(ψ
∗
00ψ01 + ψ
∗
10ψ11)
2 u11
+ |ψ∗00ψ01 + ψ∗10ψ11|2
)]
dt,
(6.2.4)
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Figure 6.8: Average entanglement of formation evolution (blue solid line) for a cou-
ple of qubits with one of them under incoherent coupling to a zero temperature en-
vironment. Time is rescaled as p = 1 − e−γt. The initial state of the system
is |Ψ0〉 =
(
i
√
5 |11〉+ i |10〉 − |01〉+ |00〉) /√8 corresponding to a value of concurrence
C(0,Ψ0) = 0.809. Average entanglement of formation evaluated using 1000 trajectories.
Numerical result obtained through Wooter’s formula and density matrix evolution has been
plotted too (purple solid line). The inset presents the phase evolution of the optimal unrav-
elling θopt. Upper and lower bounds are plotted for comparison (dotted and dashed purple
lines respectively).
with an optimal unravelling that minimizes this expression given by,
u(opt) = e2iθopt , (6.2.5)
where θopt = arg(ψ00ψ
∗
01 + ψ10ψ
∗
11). Replacing it in (6.2.4), we obtain for the average change in
entanglement
E[dEF ](Ψ) =− γE
[
CΨ
(
−AE
2
+ |ψ∗00ψ01 + ψ∗10ψ11|2(8BECΨ + 1)
)]
dt. (6.2.6)
Using the found optimal unravelling, we calculate the average entanglement of formation dy-
namics numerically. Figure 6.8 shows the results obtained for a general initial pure state. It
is worth pointing out that although the average entanglement of formation does not coincides
with the entanglement of formation, it works as a much better upper bound than those found
in the literature. We notice too, that the optimal unravelling found leads to a preparation of an
ensemble of trajectories with the the lowest variance possible. Because of this this result offers a
way to guaranty that the possible values of entanglement in the distribution are the closest ones
to the average, that could be prepared.
Two subsystems independently coupled to environments with the same coupling constant
Following the line of this work, our next step is to work the case when both subsystems of a bipartite
2× 2 system is coupled to an amplitude damping bath in a independent way and with same coupling
constant. The change in entanglement of formation is calculated through equation (6.2.1), and it is
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given by
dEF (Ψ) =γRe
[
−AE
(
CΨ + 2
cΨ
CΨ
ψ∗211u12
)
+ 8BEC
2
Ψ(|ψ∗00ψ01 + ψ∗10ψ11|2 + |ψ∗00ψ10 + ψ∗01ψ11|2
+ (ψ∗00ψ10 + ψ
∗
01ψ11)
2 u11 + 2(ψ
∗
00ψ01 + ψ
∗
10ψ11)(ψ
∗
00ψ10 + ψ
∗
01ψ11) u12
+ (ψ∗00ψ10 + ψ
∗
01ψ11)
2 u22)
]
dt
− 2AE√γCΨRe
[
(ψ∗00ψ10 + ψ
∗
01ψ11)dξ1 + (ψ
∗
00ψ01 + ψ
∗
10ψ11)dξ2
]
.
(6.2.7)
This expression is unravelling dependent being function of all the components of the unravelling matrix.
Simplifications arise if restrict ourselves to initial states of the Bell type.
• Special initial states
Under the conditions exposed previously, for initial Bell states the ensemble average over the
change in entanglement of formation reduces to,
E[dEF ](Ψ) = −γE
[
AECΨ +AERe
(
2
cΨ
CΨ
ψ∗211u12
)]
dt. (6.2.8)
The optimal unravelling is give by the choice
u(opt) =
(
0 −eiθopt
−eiθopt 0
)
, (6.2.9)
where θopt = arg(c
∗
Ψψ
2
11), just like in(4.2.9). Replacing this optimal unravelling matrix in (6.2.8)
leads to the deterministic equation of motion
E[dEF (Ψ)]
dt
= −γE[AECΨ]− 2γE[AE |ψ11|2] . (6.2.10)
In figure 6.9, we show the time evolution of entanglement of formation obtained in an analyti-
cal way and the average entanglement of formation obtained through the quantum trajectories
approach for two different initial states, |Ψ0〉 = (|11〉+ |00〉) /
√
2 and |Ψ0〉 = (|10〉+ |01〉) /
√
2.
For the second state considered the evolution is unravelling independent, since ψ11(0) = 0. In
both cases the average entanglement of formation follows the entanglement of formation for short
times, however, as time increases the difference between the two grows. Noticeable, the average
entanglement of formation remains an excellent upper bound for the entanglement of formation.
This is, even when it is not possible to prepare an ensemble of initial states that optimize the
variance of concurrence, we could be able to fixed it in such a way that the ensemble prepared
with (6.2.9) generates the best upper bound for entanglement of formation physically realizable.
Two subsystems coupled to independent environments with different coupling constants
Now we consider a more general case, each subsystem is couple to its own private amplitude damping
bath with a different coupling constant. Under this conditions, the change in entanglement of formation
is
dEF (Ψ) =Re
[
−γ1 + γ2
2
AECΨ + 8BEC
2
Ψ(γ1|ψ∗00ψ10 + ψ∗01ψ11|2 + γ2|ψ∗00ψ01 + ψ∗10ψ11|2
+ γ1(ψ
∗
00ψ10 + ψ
∗
01ψ11)
2 u11 + γ2(ψ
∗
00ψ10 + ψ
∗
01ψ11)
2 u22)
+ 2
√
γ1γ2
(
−AE cΨ
CΨ
ψ∗211 + 8BEC
2
Ψ(ψ
∗
00ψ01 + ψ
∗
10ψ11)(ψ
∗
00ψ10 + ψ
∗
01ψ11)
)
u12
]
dt
− 2AECΨRe
[√
γ2(ψ
∗
00ψ10 + ψ
∗
01ψ11)dξ1 +
√
γ1(ψ
∗
00ψ01 + ψ
∗
10ψ11)dξ2
]
.
(6.2.11)
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Figure 6.9: Average entanglement of formation evolution for a couple of qubits, both of
them under incoherent and independent coupling to a zero temperature environment (blue
and red solid lines). Time is rescaled as p = 1−e−γt. The initial states of the system are Bell
states, |Ψ0〉 = (|11〉+ |00〉) /
√
2 (blue and purple lines) and |Ψ0〉 = (|10〉+ |01〉) /
√
2 (red
and orange lines) corresponding to an initial value of concurrence C(0,Ψ0) = 1. Average
entanglement of formation was evaluated using 1000 trajectories for each case. Numerical
results obtained through Wooter’s formula and density matrix evolution has been plotted
too (purple and orange solid line). Upper and lower bounds are plotted for comparison
(dotted and dashed lines respectively).
This expression is unravelling dependent and it depends of each component of the unravelling ma-
trix. As in the previous case, if we restrict ourselves to Bell states the above expression simplifies
considerably.
• Special initial states
For initial Bell states, and after taking the average over the ensemble of trajectories, the av-
erage change in the entanglement of formation is
E[dEF ](Ψ) = −E
[
AERe
(
γ1 + γ2
2
CΨ + 2
√
γ1γ2
cΨ
CΨ
ψ∗211 u12
)]
dt (6.2.12)
Like in case for concurrence, the optimal unravelling that optimize (6.2.11), when each subsystem
is coupled with different constant to its own amplitude damping environment is exactly the
same that the one for the case when both coupling constants coincides, i.e., u(opt) is given by
(6.2.8). Replacing this optimal unravelling in (6.2.11), the differential equation for entanglement
of formation is,
E[dEF (Ψ)]
dt
= −γ1 + γ2
2
E[AECΨ]− 2√γ1γ2E[AE |ψ11|2] . (6.2.13)
In figure 6.10 we plot the results for the entanglement of formation dynamics for two different
initial states, both of them Bell’s states : |Ψ0〉 = (|11〉+ |00〉) /
√
2 and |Ψ0〉 = (|10〉+ |01〉) /
√
2.
It can be seen that average entanglement of formation does not coincide with entanglement of
formation but it provides an upper bound for this quantity. The difference between the results is
small, and although it increases as the ratio r between coupling constants increases, the difference
is much smaller than those with the usual upper bound.
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Figure 6.10: Entanglement of formation dynamics (orange and purple solid lines) and
average entanglement of formation (red and blue solid lines) for a 2× 2 system with each
subsystem under amplitud damping effects of independent baths with different coupling
constants γ1 and γ2. Time rescaled as p = 1−e−γ1t. The initial initial states of the system
are |Ψ0〉 = (|11〉+ |00〉) /
√
2 (blue and purple lines) and |Ψ0〉 = (|10〉+ |01〉) /
√
2 (red and
orange lines) maximally entangled. The figure include the dynamics obtained with different
coupling constant ratio between baths r = γ1/γ2: (a) r = 0.2,(b) r = 0.4,(c) r = 0.6 and
(d) r = 0.8. The upper and lower bounds for concurrence described in section 2.3.2 are
shown (dotted and dashed lines respectively).
Both subsystems coupled to a common environment
Finally we analyze the case when both subsystems are coupled to a common zero temperature envi-
ronment. The change in entanglement of formation has been calculated from (6.2.1),
dEF (Ψ) =γRe
[
−AECΨ + 8BEC2Ψ(|(ψ10 + ψ01)ψ∗11 + (ψ10 + ψ01)∗ψ00|2)
+
(
8BEC
2
Ψ(ψ
∗
00ψ10 + ψ
∗
01ψ11)
2 +AE
cΨ
CΨ
ψ∗211
)
u11)
]
dt
− 2AE√γCΨRe [(ψ10 + ψ01)ψ∗11 + (ψ10 + ψ01)∗ψ00] dξ1.
(6.2.14)
This result for the change in entanglement of formation simplifies when special initial states are con-
sidered.
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Figure 6.11: Average entanglement of formation evolution(blue solid line) for a couple
of qubits under incoherent coupling to a zero temperature common environment, time
is rescaled as p = 1 − e−γt. The initial state of the system is |Ψ0〉 = (|11〉+ |00〉) /
√
2
corresponding to maximum value of entanglement. Average entanglement of formation
evaluated using 1000 trajectories. Numerical result obtained through Wooter’s formula
and density matrix evolution has been plotted too (purple solid line). Upper and lower
bounds are plotted to comparison effects (dotted and dashed purple lines respectively)
• Special initial states
If the initial states is a Bell state the equation for change of entanglement is given by,
E[dEF ](Ψ) = −γE
[
AECΨ +AERe
(
cΨ
CΨ
ψ∗211 u11
)]
dt, (6.2.15)
which is minimum if we choose the optimal unravelling matrix u(opt) given in (6.2.7). This
unravelling was shown to be time independent when initially the system has no more than one
excitation. Under this conditions the differential deterministic equation is given by,
dE[EF (Ψ)]
dt
= −γE[AECΨ]− E[AE |ψ11|2] . (6.2.16)
Figure 6.11 shows the numerically results obtained for the system when it is prepared in a initial
Bell state: |Ψ0〉 = (|11〉+ |00〉) /
√
2. It can be seen that the average entanglement of formation
does not fit the analytical result obtained from (5.1.8) and (2.2.5). Nevertheless, the curve
works like an excellent upper bound for entanglement of formation, although average concurrence
and concurrence coincide. The ensemble obtained with the measurement scheme related to the
optimal environment can be taken as an upper bound of entanglement of formation.
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6.2.3 Thermal channel
Single subsystem coupled to an environment
We turn to the case of a thermal channel, and consider a 2× 2 system with just one of its subsystems
coupled to it. The change in system entanglement is given by
dEF (Ψ) =CΨRe
[
−AE γ− + γ+
2
+ 8BEγ−CΨ(ψ00ψ∗10 + ψ01ψ
∗
11)
2 u11
+
√
γ−γ+(16BECΨ|ψ∗00ψ10 + ψ∗01ψ11|2 −AE)u12
+ 8BEγ+CΨ(ψ
∗
00ψ10 + ψ
∗
01ψ11)
2 u22
]
dt
− 2AECΨRe
[√
γ−(ψ01ψ∗11 + ψ00ψ
∗
10)dξ1 +
√
γ+(ψ10ψ
∗
00 + ψ11ψ
∗
01)dξ2
]
.
(6.2.17)
This change depends on all components of the unravelling matrix. Simplifications take place if we
consider as initial states Bell’s states.
• Special initial states
For initial Bell’s states the change in entanglement of formation is simpler. The average over the
ensemble of trajectories is given by,
E[dEF ](Ψ) = −E
[
AECΨ
(
γ−+γ+
2 +
√
γ−γ+Re(u12)
)]
dt. (6.2.18)
The optimal unravelling matrix that minimize this expression is found by inspection,
u(opt) =
(
0 1
1 0
)
, (6.2.19)
corresponding to a constant and time independent unravelling. Replacing (6.2.19) in (6.2.18) we
found the deterministic differential equation for average entanglement of formation
E[dEF ](Ψ) = −
(
γ−+γ+
2 +
√
γ−γ+
)
E [AECΨ] dt. (6.2.20)
We study the dynamics of entanglement of formation and average entanglement of formation
with an ensemble of 2000 and 10000 trajectories in figure 6.12. Results for different excitations
in the bath, n = 1, n = 3, n = 20 and n = 100 are shown. Just like in the case of average
concurrence, average entanglement of formation does not fit the entanglement of formation, but
constitutes an excellent upper bound.
6.2.4 Dephasing channel
Single subsystem coupled to an environment
To conclude the study of unravellings that minimize the variance of the concurrence in the ensemble of
pure states, we consider the situation in which only one of the subsystems of a 2× 2 system is coupled
to a dephasing bath. The change in entanglement of formation for this case is,
dEF (Ψ) =
γ
4
CΨRe
[
8BECΨ(1− 2(|ψ00|2 + |ψ01|2))2 −AE + 8BECΨ(1− 2(|ψ00|2 + |ψ01|2))2)u11
]
dt
+AE
√
γCΨRe
[
(1− 2(|ψ00|2 + |ψ01|2))dξ1
]
.
(6.2.21)
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Figure 6.12: Entanglement of formation dynamics in a 2 × 2 system with just one sub-
system coupled to a thermal baths with number of photons n = 1 (6.12a), n = 3 (6.12b),
n = 20 (6.12c) and n = 100 (6.12d). The time was rescaled as p = 1 − e−nγt. The initial
state of the system is the Bell state |Ψ0〉 = (|11〉+ |00〉) /
√
2 corresponding to a value of
concurrence C(0,Ψ0) = 1. The plots show entanglement of formation (solid purple lines)
and average concurrence (solid blue lines). Upper and lower bounds for entanglement of
formation have been plotted too in order to compare their behaviour with the one obtained
with diffusive quantum trajectories (dotted and dashed purple lines respectively). This
results were obtained with 2000 trajectories for cases with n = 1 and n = 3 and 10000
trajectories with n = 20 and n = 100, their change ensures resolution and accuracy in
results.
Although this case is unravelling dependent, the unravelling matrix has just one component. Making
the average of the average change of entanglement over the ensemble of trajectories, we obtain
E[dEF ](Ψ) =
γ
4E
[
CΨ
(
8BECΨ(1− 2(|ψ00|2 + |ψ01|2))2 −AE
−(AE + 8BECΨ(1− 2(|ψ00|2 + |ψ01|2))2)Re(u11)
)]
dt.
(6.2.22)
This is optimized with the same unravelling that optimize average concurrence for this case
u(opt) =
(
1
)
. (6.2.23)
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Figure 6.13: Entanglement of formation evolution for a couple of qubits with just
one of them under incoherent coupling to a dephasing environment (blue solid line).
Time is rescaled as p = 1 − e−γt. The initial state of the system is |Ψ0〉 =(
i
√
5 |11〉+ i |10〉 − |01〉+ |00〉) /√8 corresponding to a value of concurrence C(0,Ψ0) =
0.809. Average entanglement of formation was evaluated using 1000 trajectories. Up-
per and lower bounds are plotted to comparison effects (dotted and dashed purple lines
respectively)
Replacing this expression in the average change of entanglement of formation, the deterministic differ-
ential equation for entanglement of formation is given by
E[dEF ](Ψ) = −γ2E
[
CΨAE
]
dt (6.2.24)
We show the evolution of entanglement of formation and average entanglement of formation over an
ensemble of trajectories, for a general initial state, in figure 6.13. For the case consider both curves
differ, yet the result obtained with quantum trajectories is a very close upper bound for entanglement of
formation. With these results we can affirm that the measurement scheme that minimizes the variance
in concurrence is time independent and given by (6.2.23), but the measurement scheme to measure in
a direct way entanglement of formation is not physical realizable.
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Conclusions and Outlook
In this work we explored the unravelling of entanglement, in the framework provided by the theory of
quantum trajectories. We started by focusing on the concurrence dynamics in 2× 2 systems under the
effects of important environment noises in order to analyze the effectiveness of quantum trajectories
approach. The decoherence effects on the entanglement when the system was coupled to thermal,
dephasing and depolarizing channels were studied in depth for the particular cases of one or both
subsystems coupled to independent or shared baths. Our research shows that quantum entanglement
average obtained through this approach coincides with quantum entanglement in specific cases. For
these cases we were able to analytically determine the optimal unravelling, and derived a deterministic
evolution equation for the system’s concurrence. Furthermore, we propose an experiment to monitor
the entanglement dynamics, and to determine the disentanglement time from a single trajectory. This
experimental proposal, together with the time evolution equations and the finite time disentanglement
detection with a single trajectory, convey the strength of diffusive quantum trajectories as a complete
and efficient method for the characterization of entanglement under incoherent dynamics.
In cases when our optimal unravelling does not lead to an average entanglement that coincides with
the entanglement of the system, we showed that the proposed approach using quantum trajectories
generates a dynamics that can be used as an upper bound for concurrence, which, for all cases con-
sidered, surpasses the usual bound found in the literature.
For situations in which just a single subsystem is couple to an open channel, we showed the dynamics
obtained using quantum trajectories describes an asymptotic decay of the average entanglement, in
agreement with what was reported in [74].
Motivated by the close relation between the quantum trajectories theory and the experimental im-
plementations of related schemes, we explored the possible state preparation and control of systems
with a high amount of entanglement. We found the method offers and excellent way to protect maxi-
mally entangled systems in particular cases, with the advantage that the necessary experimental setup
would be completely fixed by the initial state, i.e., completely time independent. Moreover, we studied
the preparation of ensemble of pure states with minimal variance around a specific concurrence value.
This was done through the analysis of entanglement of formation in the systems, whose change depends
on the second moment of concurrence. We found that although, for some cases, the accessible optimal
unravelling does not reproduce the entanglement of formation in the system, there exists a way to
minimize the variance of concurrence.
Extensions of these ideas to other type of environments, higher dimensional systems, and considerations
of finite detection efficiencies for experimental realizations are relevant issues to be addressed in future
work.
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Appendix A
Change in Concurrence
Following [18], we have used Itoˆ calculus to evaluate the concurrence differential from concurrence
(2.2.1) and preconcurrence (2.2.2) definition,
dCΨ =
∂CΨ
∂cΨ
dcΨ +
∂CΨ
∂c∗Ψ
dc∗Ψ +
1
2
(
∂2CΨ
∂c2Ψ
dcΨdcΨ +
∂2CΨ
∂c∗Ψ
2 dh
∗
Ψdh
∗
Ψ + 2
∂2CΨ
∂cΨ∂c∗Ψ
dcΨdh
∗
Ψ
)
, (A.0.1)
after substitution,
dCΨ =
1
CΨ
[
Re(cΨdc
∗
Ψ) +
1
2C2Ψ
(Im(cΨdc
∗
Ψ))
2
]
. (A.0.2)
Looking into dc∗Ψ,
dc∗Ψ = d 〈Ψ|σy ⊗ σy |Ψ∗〉
= 〈Ψ|σy ⊗ σy |dΨ∗〉+ 〈dΨ∗|σy ⊗ σy |Ψ〉+ 〈dΨ|σy ⊗ σy |dΨ∗〉 .
With this result now, it has been necessary resort the scheme of the quantum trajectories using the
state evolution of a system that follows Eq. (3.2.3) in a bath described with Lindblad operators Jk.
Rewriting that evolution into a deterministic and a stochastic term,
|dΨ〉 = |vk〉 dt+ |fk〉 dξ∗k, (A.0.3)
it is possible to substitute into the expression for dc∗Ψ and,
dc∗Ψ = V (Ψ)dt+ Fk(Ψ)dξk (A.0.4)
with V (Ψ) = 2 〈vk|σy ⊗ σy |Ψ∗〉 + 〈fk|σy ⊗ σy |f∗l 〉ukl and Fk(Ψ) = 2(〈J˜k〉Ψ − 〈Jk〉∗Ψ c∗Ψ). Finally
replacing this result in Eq. (A.0.2), and keeping terms up to order dt with (3.2.5), it is obtained,
dCΨ =
1
C3Ψ
Re
[
4C2ΨcΨV (Ψ)− c2ΨFk(Ψ)Fl(Ψ)ukl − C2Ψ|Fk(Ψ)|2
]
dt+ 1CΨ Re [cΨFk(Ψ)] dξk
= cΨCΨ Re
[
−2i 〈H˜〉Ψ + 1cΨ | 〈J˜〉Ψ |2 − 〈J˜†J〉Ψ +
(
〈J†k(σy ⊗ σy)Jl〉Ψ − cΨC2Ψ 〈J˜k〉Ψ 〈J˜l〉Ψ
)
ukl
]
dt
+ 2CΨ Re
[(
cΨ 〈J˜〉Ψ − C2Ψ 〈J〉Ψ
)
dξ
]
(A.0.5)
where it has been defined 〈O˜〉Ψ ≡ 〈Ψ|O(σy ⊗ σy) |Ψ〉 for any operator O.
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Appendix B
Optimal unravelling phase equation of motion
B.1 Amplitude Damping
The choice of parameters in the optimal unravelling matrix, for the case with a 2× 2 system with each
subsystem independently coupled to an amplitude damping environment (4.2.9), is determined by the
phase of:
ΘΨ ≡ c∗Ψψ211 = 〈Ψ|σy ⊗ σy |Ψ∗〉 〈Ψ∗|11〉 〈11|Ψ〉 , (B.1.1)
taking into account the preconcurrence definition (2.2.2). In order to show that the phase of ΘΨ
remains constant, it is enough to show that it satisfies,
Im(ΘΨ)
Re(ΘΨ)
= tan(θop),
for all states on the trajectory. This analysis is done in detail in the main part of this text, in this
appendix the reader will encounter just the previous steps needed to arrive to that conclusion. In
particular the expression that gives the change in ΘΨ like a function of non-diagonal term of the un-
ravelling matrix.
Considering the equation of motion of ΘΨ in its Itoˆ form,
dΘΨ = ψ
2
11dc
∗
Ψ + c
∗
Ψdψ
2
11 + dc
∗
Ψdψ
2
11, (B.1.2)
it is necessary to use the previously calculated dc∗Ψ = V (Ψ)dt + Fk(Ψ)dξk (A.0.4), with V (Ψ) =
2 〈vk|σy ⊗ σy |Ψ∗〉 + 〈fk|σy ⊗ σy |f∗l 〉ukl, Fk(Ψ) = 2(〈J˜k〉Ψ − 〈Jk〉∗Ψ c∗Ψ) and |dΨ〉 = |vk〉 dt + |fk〉 dξ∗k
(A.0.3) the rewritten state evolution. All that remains is to evaluate dψ211 using (3.2.5) and keeping
terms up to order dt,
dψ211 = 2 〈dΨ∗|11〉 〈11|Ψ〉+ 〈dΨ∗|11〉 〈11|dΨ〉
= (2 〈v∗k|11〉 〈11|Ψ〉+ 〈f∗k |11〉 〈11|fl〉u∗kl) dt+ 2 〈f∗k |11〉 〈11|Ψ〉 dξ∗k
= δ(Ψ)dt+ τk(Ψ)dξ
∗
k
(B.1.3)
with δ(Ψ) = 2 〈v∗k|11〉 〈11|Ψ〉+ 〈f∗k |11〉 〈11|fl〉u∗kl and τk(Ψ) = 2 〈f∗k |11〉 〈11|Ψ〉.
Finally replacing (B.1.3) and (A.0.4) in (B.1.2),
dΘΨ =
[
ψ211V (Ψ) + c
∗
Ψδ(Ψ) + Fk(Ψ)τk(Ψ)
]
dt+ ψ211Fk(Ψ)dξ + c
∗
Ψτk(Ψ)dξ
∗
k. (B.1.4)
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B.1.1 Both environments with same coupling constant
This expression in Eq.(B.1.4) has been evaluated in Mathematica with the corresponding Lindblad
operators for this case, the explicit formula for the change in phase when both independent baths have
same coupling constant γ as a function of the unravelling matrix is given by,
dΘΨ =
[
2γ|ψ11|4u12 + ΘΨRe(fΨ)
]
dt+ ΘΨRe(g
T
Ψdξ
∗) , (B.1.5)
where
fΨ = −3γ + 2γ(| 〈σ(1)− 〉Ψ |2 + | 〈σ
(2)
− 〉Ψ |2) + 2γ
(
〈σ(1)− 〉
2
Ψ
u11 + 2 〈σ(1)− 〉Ψ 〈σ
(2)
− 〉Ψ u12 + 〈σ
(2)
− 〉
2
Ψ
u22
)
and
gΨ = (4
√
γ 〈σ(1)− 〉Ψ , 4
√
γ 〈σ(2)− 〉Ψ)
are functions of |Ψ〉.
B.1.2 Each independent environment with different coupling constant
Equivalently for this case the expression in Eq.(B.1.4) was evaluated taking advantage of Mathematica.
The change in ΘΨ as a function of the unravelling matrix is given by,
dΘΨ =
[
2
√
γ1γ2|ψ11|4u12 + ΘΨRe(fΨ)
]
dt+ ΘΨRe(g
T
Ψdξ), (B.1.6)
where,
fΨ =− 3
2
(γ1 + γ2) + 2
(
γ1| 〈σ(1)− 〉Ψ |2 + γ2| 〈σ
(2)
− 〉Ψ |2
)
+ 2
(√
γ1 〈σ(1)− 〉
2
Ψ
u11 + 2
√
γ1γ2 〈σ(1)− 〉Ψ 〈σ
(2)
− 〉Ψ u12 +
√
γ2 〈σ(2)− 〉
2
Ψ
u22
)
and
gTΨ =
(
4
√
γ1 〈σ(1)− 〉
∗
Ψ
, 4
√
γ2 〈σ(2)− 〉
∗
Ψ
)
are functions of |Ψ〉.
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Appendix C
Real currents for the measurement strategy
In this appendix it will be analyzed in detail the way as the real currents to measure in lab are cal-
culated from a given unravelling. In particular the analysis will be focused in the optimal unraveling
obtained for the case of two initially entangled qubits coupled independently to two amplitude damping
baths (Section 4.2).
The real currents related with the optimal unravelling are obtained from the correlation matrix (3.2.6)
of the real vector (Re dξ, Im dξ). The eigenvectors of R will yield the correct linear combination of
the complex currents to obtain the real ones. From the correlation matrix definition (3.2.6), and the
optimal unravelling found for the case of interest (4.2.9), the correlation matrix is given by,
R =
dt
2

1 − cos θopt 0 − sin θopt
− cos θopt 1 − sin θopt 0
0 − sin θopt 1 cos θopt
− sin θopt 0 cos θopt 1
, (C.0.1)
and its eigensystem, corresponds to eigenvalues λ = {0, 0, 1, 1} that indicate that only two real currents
are necessary, and eigenvectors
O =
dt√
2

1 0 −1 0
cos θopt sin θopt cos θopt − sin θopt
0 1 0 1
sin θopt − cos θopt sin θopt cos θopt
. (C.0.2)
Using these results, the real currents are obtained, taking into account that,
Idt = OT ·

Re(Y1)
Re(Y2)
Im(Y1)
Im(Y2)
, (C.0.3)
in such a way that,
I1dt =
dt√
2
(Re(Y1) + Re(Y2) cos θopt + Im(Y2) sin θopt) =
dt√
2
(
Re(Y1) + Re(Y2e
−iθopt)
)
= dt√
2
Re
(
Y1 + Y2e
−iθopt) , (C.0.4)
I2dt =
dt√
2
(Im(Y1)− Im(Y2) cos θopt + Re(Y2) sin θopt) = dt√2
(
Im(Y1)− Im(Y2e−iθopt)
)
= dt√
2
Im
(
Y1 − Y2e−iθopt
)
,
(C.0.5)
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I3dt =
dt√
2
(−Re(Y1) + Re(Y2) cos θopt + Im(Y2) sin θopt) = dt√2
(−Re(Y1) + Re(Y2e−iθopt))
= dt√
2
Re
(−Y1 + Y2e−iθopt) ,
(C.0.6)
I4dt =
dt√
2
(−Im(Y1) + Im(Y2) cos θopt + Re(Y2) sin θopt) = dt√2
(−Im(Y1) + Im(Y2e−iθopt))
= dt√
2
Im
(−Y1 + Y2e−iθopt) .
(C.0.7)
Replacing the complex currents obtained for the case studied (4.2.14),
I1 dt =
√
γ
2
〈−eiθoptσ(2)+ + σ(1)+ + h.c.〉c dt+ dζ1 ,
I2 dt = −i
√
γ
2
〈eiθoptσ(2)+ + σ(1)+ − h.c.〉c dt+ dζ2 ,
I3 dt = dζ3 ,
I4 dt = dζ4 .
(C.0.8)
with
dζ1 = Re(dξ1) + Re(dξ2e
−iθopt) ,
dζ2 = Im(dξ1)− Im(dξ2e−iθopt) ,
dζ3 = −Re(dξ1) + Re(dξ2e−iθopt) ,
dζ4 = −Im(dξ1) + Im(dξ2e−iθopt) .
(C.0.9)
This real noises satisfy the noises correlations, but as we mentioned previously we only need two of
these currents in order to reproduce the complex ones. The last ones are no more than noises then
I1 and I2 are the real currents (Eq. (4.2.15)) that must be measured in lab in order to obtain the
entanglement dynamics for the case in analysis, two qubits initially in a pure state entangled and
independently coupled to temperature zero baths.
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Appendix D
Exact dynamics of concurrence from the
density operator
This appendix is dedicated to present the way as an exact expression for concurrence is calculated
through density matrix operator. To this purpose, we will present the details of the process in two
cases. First section will be dedicated to describe the method used to obtain the first of this results in
this work, i.e. the exact expression for concurrence dynamics when a single subsystem of a 2×2 system
is coupled to an amplitude damping bath (Eq. (4.2.5)), this is a particular process, once that we
take advantage of the work in Ref. [16], calculating the expression from the state evolution of a initial
maximally entangled state. Second and last section will present the longer process used to calculate
the concurrence dynamics in general cases for 2×2 systems, this will be done using the case when both
subsystems are independently coupled to amplitude damping channels with same coupling constants.
D.1 Single subsystem coupled to an environment
As it was previously mentioned, in this section we will present the process done to obtain (4.2.5) that is
the exact dynamics for concurrence in case when just one of the subsystems of a bipartite of two level
system is coupled to an amplitude damping channel. The first step to take is to obtain the expression
that describe the evolution of the state of the system. The state of the system is obtained through
integration of its master equation,
ρ˙ = Lρ = γ
(
σ
(1)
− ρσ
(1)
+ −
1
2
(σ
(1)
+ σ
(1)
− ρ+ ρσ
(1)
+ σ
(1)
− )
)
, (D.1.1)
where σ
(1)
− is the de-excitation operator of the first qubit. Considering a general initial pure state
(4.1.1), the density matrix evolution is,
ρ(t) =

e−γt|ψ11|2 e−γtψ∗11ψ10 e−
γ
2 tψ∗11ψ01 e
− γ2 tψ∗11ψ00
e−γtψ11ψ∗10 e
−γt|ψ10|2 e− γ2 tψ∗10ψ01 e−
γ
2 tψ∗10ψ00
e−
γ
2 tψ11ψ
∗
01 e
− γ2 tψ10ψ∗01 (1− e−γt)|ψ11|2 + |ψ01|2 (1− e−γt)ψ10ψ∗11 + ψ00ψ∗01
e−
γ
2 tψ11ψ
∗
00 e
− γ2 tψ10ψ∗00 (1− e−γt)ψ∗10ψ11 + ψ∗00ψ01 (1− e−γt)|ψ10|2 + |ψ11|2
 ,
(D.1.2)
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Nevertheless as for this particular case, a restriction in the case of a maximally entangled initial state
is must, if the initial state is |Ψ(0)〉 = |Φ+〉 = 1√
2
(|00〉+ |11〉) (D.1.2) simplifies to
ρ(t) =
1
2

e−γt 0 0 e−
γ
2 t
0 0 0 0
0 0 (1− e−γt) 0
e−
γ
2 t 0 0 1
 , (D.1.3)
To this state we applied then the Wooter’s formula for concurrence in 2×2 systems (cf. 2.2.2) to obtain
the concurrence dynamics equation (4.2.5),
C(t,Ψ0) = C(0,Ψ0)e
− 12γt. (D.1.4)
D.2 Two subsystems coupled to independent environments
Following the case when both subsystems of a 2×2 system are coupled to independent amplitude
damping environments is going to be used to expose the process used to get an exact expression for
concurrence dynamics. In order to do it we will follow the initial steps taken in previous section.
Starting we integrated the master equation for this case,
ρ˙ = Lρ = γ
(
σ
(1)
− ρσ
(1)
+ + σ
(2)
− ρσ
(2)
+ −
1
2
(σ
(1)
+ σ
(1)
− ρ+ ρσ
(1)
+ σ
(1)
− + σ
(2)
+ σ
(2)
− ρ+ ρσ
(2)
+ σ
(2)
− )
)
, (D.2.1)
where σ
(i)
− is the de-excitation operator of the i-th qubit. With a general initial pure state (4.1.1),
ρ(t)=

e−2γt|ψ11|2 e
− 3γ
2
t
ψ∗11ψ10 e
− 3γ
2
t
ψ∗11ψ01 e−γtψ∗11ψ00
e
− 3γ
2
t
ψ11ψ
∗
10 e
−γt(|ψ10|2+(1−e−γt)|ψ11|2) e−γtψ∗10ψ01 e
− γ
2
t
(ψ00ψ
∗
10+(1−e−γt)ψ01ψ∗11)
e
− 3γ
2
t
ψ11ψ
∗
01 e
−γtψ10ψ∗01 (1−e−γt)|ψ11|2+|ψ01|2 (1−e
− γ
2
t
)ψ10ψ
∗
11+e
− γ
2
t
ψ00ψ
∗
01
e−γtψ11ψ∗00 e
− γ
2
t
(ψ∗00ψ10+(1−e−γt)ψ∗01ψ11) (1−e
− γ
2
t
)ψ∗10ψ11+e
− γ
2
t
ψ∗00ψ01 e−γt|ψ00|2+(1−e−γt)(1−e−γt|ψ11|2)
 ,
(D.2.2)
With this expression for the system’s state, and Wooter’s formula for concurrence in 2×2 systems (cf.
2.2.2) the concurrence dynamics equation is,
C(t,Ψ0) = e
−γt [C(0,Ψ0)− 2|ψ11(0)|2(1− e−γt)] . (D.2.3)
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Appendix E
Factorization Law for Concurrence of
Assistance
In this appendix it will be shown that concurrence of assistance, of a bipartite system under a one-sided
noisy channel ε, is independent of the initial pure state |Ψ0〉 =
√
ω |00〉+√1− ω |11〉 (any pure state
can be written in this form, modulo local unitary operations) and completely determined by the chan-
nel’s action on the maximally bipartite entangled state |Φ+〉 = |00〉+|11〉√
2
. This has been done following
the references [16] and [82], where the authors generated factorization laws for concurrence with an
initial bipartite state and concurrence of assistance with an initial tripartite pure state respectively.
According to the analytical expression founded by Lautsen et al. in [43] the concurrence of assis-
tance is given by Eq.(2.2.10),
CA(ρAB) =
∑
i
λi,
with λi the square roots of the eigenvalues of ρAB(σy⊗σy)ρ∗AB(σy⊗σy). With this expression in mind,
resort the result of Konrad et al. in [16],
det[ρ′(σy ⊗ σy)ρ′∗(σy ⊗ σy)− λ21] = det[ 1
4p2
ω(1− ω)ρε(σy ⊗ σy)ρ∗ε(σy ⊗ σy)− µ21] (E.0.1)
where µ = λ(ω(1 − ω)/4p2)−1, ρ′ = (1ˆ ⊗ εˆ) |Ψ0〉 〈Ψ0| /p′, ρε = (1ˆ ⊗ εˆ) |Φ+〉 〈Φ+| /p′′, p = Tr[(εˆΨ0 ⊗
1ˆ)ρε], p
′ = Tr[(1ˆ ⊗ εˆ) |Ψ0〉 〈Ψ0|], p′′ = Tr[(1ˆ ⊗ εˆ) |Φ+〉 〈Φ+|], C(|Φ+〉 〈Φ+|) = 2
√
ω(1− ω) and εˆΨ0
the noisy channel in the dual picture where ρε is the system. It indicates that the eigenvalues of
ρ′(σy ⊗ σy)ρ′∗(σy ⊗ σy) and ρε(σy ⊗ σy)ρ∗ε(σy ⊗ σy) are proportional:∑
i λi =
√
1
4p2ω(1− ω)
∑
i µi
CA(ρ
′) = 12p
√
ω(1− ω)CA(ρε)
CA
(
(1ˆ⊗εˆ)|Ψ0〉〈Ψ0|
p′
)
= 14pC(|Φ+〉 〈Φ+|)CA
(
(1ˆ⊗εˆ)|Φ+〉〈Φ+|
p′
)
CA
(
(1ˆ⊗ εˆ) |Ψ0〉 〈Ψ0|
)
= p
′
4pp′′C(|Φ+〉 〈Φ+|)CA
(
(1ˆ⊗ εˆ) |Φ+〉 〈Φ+|)
the last expression comes from the fact that p ∈ Re and 0 > p ≥ 1. And finally using that
(1ˆ⊗εˆ)|Ψ0〉〈Ψ0|
p′ =
(εˆΨ0⊗1ˆ)ρε
p ,
= (Mˆ⊗1ˆ)ρε(Mˆ
†⊗1ˆ)
p ,
with ρε = (1ˆ ⊗ εˆ) |Φ+〉 〈Φ+| /p′′ and Mˆ = (
√
ω |0〉 〈0| + √1− ω |1〉 〈1|)/√2; the expression for con-
currence of assistance for a system with an initial pure state |Ψ0〉 and with one subsystem under
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decoherence, is given by:
CA
(
(1ˆ⊗ εˆ) |Ψ0〉 〈Ψ0|
)
= C(|Ψ0〉 〈Ψ0|)CA
(
(1ˆ⊗ εˆ) |Φ+〉 〈Φ+|) . (E.0.2)
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Appendix F
Change in Entanglement of Formation
The Entanglement of Formation increment for 2×2 systems, can be easily calculated using the Hill-
Wootters redefinition of this measure in terms of concurrence Eq.(2.2.5) and concurrence increment.
Using Itoˆ calculus, the Entanglement of Formation differential is,
dEFψ =
∂EFψ
∂Cψ
dCψ +
1
2
∂EFψ
∂2C2ψ
dCψdCψ.
= ∂H∂f(Cψ)
∂f(Cψ)
∂Cψ
dCψ +
[
1
2
∂
∂Cψ
(
∂H
∂f(Cψ)
)
∂f(Cψ)
∂Cψ
+ 12
∂2f
∂C2ψ
∂H
∂f(Cψ)
]
dCψdCψ
(F.0.1)
with H(f(Cψ)) = −f(Cψ)log2(f(Cψ))− (1− f(Cψ))log2(1− f(Cψ)) and f(Cψ) = (1 +
√
1− C2ψ)/2.
Making the corresponding calculations it is obtained,
dEFψ = −
[
Cψ
2
√
1− Cψ
log2
(
1−√1− Cψ
1 +
√
1− Cψ
)]
︸ ︷︷ ︸
AE
dCψ
− 1
1− C2ψ
[
1
ln(2)
+
1
2
√
1− Cψ
log2
(
1−√1− Cψ
1 +
√
1− Cψ
)]
︸ ︷︷ ︸
BE
dCψdCψ.
(F.0.2)
Now, it is necessary to resort the expression for concurrence differential Eq. (4.1.2), and rewrite it,
dCψ = αdt+ β
† · dξ + β · dξ†
with α = 1Cψ Re
[
−2icψ 〈H˜〉ψ + | 〈J˜k〉ψ |2 − cψ 〈J˜†kJk〉ψ +
(
cψ 〈J†k(σy ⊗ σy)Jl〉ψ −
c2ψ
C2ψ
〈J˜k〉ψ 〈J˜l〉ψ
)
ukl
]
and β† = 1Cψ
(
cψ 〈J˜〉ψ − C2ψ 〈J〉ψ
)
. Hence for dCψdCψ, keeping term up to order dt,
dCψdCψ =
(
β† · dξ)2 + c.c + 2(β† · dξ)(β · dξ†)
= 2Re
[
βkβlukl + |βk|2
]
dt.
(F.0.3)
Using that,
βkβl = −cψ 〈Jl〉∗ 〈J˜†k〉 − cψ 〈Jk〉∗ 〈J˜†l 〉+ Cψ 〈Jk〉∗ 〈Jl〉∗ +
c2ψ
C2ψ
〈J˜†k〉 〈J˜†l 〉
and,
|βk|2 = | 〈J˜†k〉 |2 − 2Re[cψ 〈Jk〉∗ 〈J˜†k〉] + |cψ|2| 〈Jk〉 |2,
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the expression for entanglement of formation differential is given by,
dEFψ = AEdCψ +BEdCψdCψ
= AE(αdt+ β
† · dξ + β · dξ†) + 2Re [βkβlukl + |βk|2] dt
= 1Cψ Re [W (ψ) +Gkl(ψ)ukl] dt+
2
Cψ
Re
[(
cψ 〈J˜k〉ψ − C2ψ 〈Jk〉ψ
)
dξk
] (F.0.4)
with,
W (ψ) = −AEcψ 〈J˜†kJk〉ψ + | 〈J˜k〉ψ |2 (AE + 2BECψ)− 2BECψ
(
2cψ 〈J†k〉ψ 〈J˜k〉ψ − C2ψ| 〈Jk〉ψ |2
)
,
Gkl(ψ) = AEcψ 〈J†k(σy ⊗ σy)Jl〉ψ −
c2ψ
C2ψ
〈J˜k〉ψ 〈J˜l〉ψ (AE − 2BECψ)
+2BECψ
(
C2ψ 〈Jk〉ψ 〈Jl〉ψ − cψ(〈Jl〉ψ 〈J˜k〉ψ + 〈Jk〉ψ 〈J˜l〉ψ)
)
,
AE = −
[
Cψ√
1−C2ψ
log2
(
1−
√
1−C2ψ
Cψ
)]
BE = − 1√
1−C2ψ
[
1
ln 2 +
1√
1−C2ψ
log2
(
1−
√
1−C2ψ
Cψ
)]
.
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